On a classification of minimal cubic cones in M 



Tkachev Vladimir G. 



o 

(N 



X 



Abstract. We establish a classification of cubic minimal cones in case of the so-called radial 
eigencubics. Our principal result states that any radial eigencubic is either a member of the 
infinite family of eigencubics of Clifford type, or belongs to one of 18 exceptional families. We 
prove that at least 12 of the 18 families are non-empty and study their algebraic structure. We 
also establish that any radial eigencubic satisfies the trace identity detHess 3 (/) = af for the 
Hessian matrix of /, where a £ R. Another result of the paper is a correspondence between 
radial eigencubics and isoparametric hypersurfaces with four principal curvatures. 
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1. Preliminaries and the main results 



1.1. Introduction. In 1969, Bombieri, De Giorgi and Giusti [BGGj found the first non- 
affine entire solution of the minimal surface equation 

n-l 

(1 + \Vu\ 2 )Au - u XiX .u Xi u Xj = (1.1) 

Because of its geometric significance, the minimal surface equation (|1.1|) and, especially, Bern- 
stein's problem on the existence of non-afnne entire solutions of (|1.1|) . have historically attracted 
perhaps more interest than any other quasilinear elliptic equation. We refer to [MJ, [MMMJ, 
|Ni] , |Qsj , |Slj , and the references therein for a detailed discussion of the history of the solution 
of Bernstein's problem. Although many non-affine examples of entire solutions of (jl.ip for n > 9 
were shown to exist (see, for instance, [S2j . [SSj ). no explicit examples have been constructed. 
L. Simon jS2j established that for n = 9 all entire solutions of (jl.ip are of polynomial growth and 
it is a long-standing conjecture that this property holds in general [BGj, [Os] . Even a simpler 
question [SI] . ]Mj . whether or not there exists a solution of (jl.ip which is actually a polynomial 
in X{, is still unanswered. 

l 
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These questions prompt one to study algebraic minimal hyper surf aces, and, in particular, 
algebraic minimal cones. The latter occure naturally as singular 'blow-ups' of entire solutions of 
at infinity; for example, the seven-dimensional Simon's cone {(x,y) G R 4 x R 4 : \x\ 2 = \y\ 2 } 
played an important role in the solution of Bernstein's problem [Fl], [SJ] and in the constructing 
of non-affine examples by Bombieri, de Giorgi and Giusti [BGGJ. We mention also a recent 
appearance of algebraic minimal hypersurfaces as selfsimilar solutions of the mean curvature flow 
in codimension one |Smj . Note also that any progress in algebraic minimal cones leads to a 
better understanding of algebraic aspects of minimal submanifolds of codimension one in the unit 
spheres because of the well-known correspondence between this objects. 

Minimal cones of lower degrees were classified by Hsiang [Hj: the only first degree minimal 
cones are hyperplanes in R n , and the only (up to a congruence in R n ) quadratic minimal cones 
are given by the zero-locus g ,_1 (0) of the quadratic forms 

g{x) = {n-p-l){x 2 1 + ... + x 2 p )-(p-l){x 2 p+1 + ... + x 2 n ), 2 < p < n - 1. (1.2) 

On the other hand, a classification (and even construction) of algebraic minimal cones of de- 
gree higher than three remains a long-standing difficult problem [SI] . [H] . [F] . [Os] . The lack of 
'canonical' normal forms for higher degree polynomials makes a classification of algebraic minimal 
cones, at first sight, defeating. On the other hand, a close analysis of the available examples of 
minimal cubic cones, see e.g. [Taj . [HI], [HLj . [L] . reveals that these cones have a rather distin- 
guished algebraic structure which, in some content, resembles that of isoparametric hypersurfaces 
in the spheres. In [Hj . Hsiang began developing a systematic approach to study real algebraic 
minimal submanifolds of degree higher than two and by using the geometric invariant theory 
constructed new examples of non- homogeneous minimal cubic cones in R 9 and R 15 . According 
Hsiang, the study of real algebraic minimal cones is equivalent to a classification of polynomial 
solutions / = f(x±, . . . , x n ) G R[xi, . . . , x n ] of the following congruence: 

L(/) = mod/, (1.3) 

where 

n 

lAf) V/| 2 A/ £ If,,/,,, 

is the normalized mean curvature operator and (|1.3p is understood in the usual sense, i.e. L(f) is 
divisible by / in the polynomial ring R[xi, . . . , x n ]. Observe, that (|1.3p geometrically means that 
the zero-locus / _1 (0) has zero mean curvature everywhere where the gradient V/ 7^ 0. 

A polynomial solutions / ^ of (jl.3p is called an eigenfunction of L. The ratio L(f)/ f (which 
is obviously a polynomial in x) is called the weight of an eigenfunction /. An eigenfunction / 
which is a cubic homogeneous polynomial is also called an eigencubic. 

Remark 1.1. For geometric reasons, we make no distinction between two eigenfunctions /1 and 
/2 which give rise to two congruent cones / ] ~ 1 (0) and /^~ 1 (0); such eigenfunctions will also be called 
congruent. It follows from the real Nullstellensatz [Mi] (see also |T2|, Proposition 2.4]) that two 
irreducible homogeneous cubic polynomials f\ and ji are congruent if and only if there exists an 
orthogonal endomorphism of U G 0(R n ) and a constant c£i, such that fi(x) = cf2(Ux). 

In [H] , Hisang observes that all available cubic minimal cones arise as solutions of the following 
non-linear equation: 

L(f) = X\x\ 2 f, A € R, (1.4) 

and poses the problem to determine all solutions of (|1.4p up to congruence in R n . We call the 
solutions of (jl.4p radial eigencubics. 

It is the purpose of the present paper to provide a general framework for a classification of 
radial eigencubics. We prove that any radial eigencubic / is a harmonic polynomial and associate 
to it a pair (ni,ri2) of non- negative integers, called the type of /. We show that the type is a 
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congruence invariant of / and establish that m can be recovered by the following remarkable 
trace identity: 

trHess 3 (/) = 3(m-l)A/, 

where Hess(/) is the Hessian matrix of / and the constant factor A is the same as in (jl.4p . The 
principal result of the paper states that any radial eigencubic is either a member of the infinite 
family of eigencubics of Clifford type introduced and classified recently in [T2j . or belongs to one 
of 18 exceptional families which types (rti,ri2) and ambient dimensions n listed in Table [1] below. 
We also establish that at least 12 of the 18 families are non-empty and provide examples of radial 
eigencubics for each realizable family. 
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TABLE 1. Exceptional eigencubics: ? stands for the unsettled cases. 



As was already mentioned, a classification of general radial eigencubics closely resembles that 
of isoparametric hypersurfaces with four principal curvatures. The isoparametric hypersurfaces 
have been intensively studied for several decades now and, at the present, a complete classification 
is available for all but for four exceptional isoparametric families, see [Mul], [Mu2j, [OT1J, 
[OT2] . [A] . [St] . |Clj . |C2j . It would be interesting to work out an explicit correspondence 
between these theories. We mention that, in one direction, a theorem of Nomizu [No] states 
that each focal variety of an isoparametric hypersurface is a minimal submanifold of the ambient 
unit sphere. On the other hand, in the present paper we show that, in the other direction, to 
any non-isoparametric radial eigencubic one can associate an isoparametric hypersurface with 
four principal curvatures. Combining the latter correspondence with a deep characterization of 
isoparametric quartics obtained recently by T. Cecil, Q.S.Chi and G. Jensen [CCCj . and by 
S. Immerwoll |Imj . we obtain an obstruction to the existence of some exceptional families of 
radial eigencubics. 

Remark 1.2. We would like to emphasize that, in general, real algebraic minimal cones have 
a much more rich structure than isoparametric hypersurfaces. Indeed, in the former case, the 
examples constructed recently in [T2J show that there exist irreducible minimal cones of arbitrary 
high degree, while the well-known theorem of to Miinzner [Mul] allows the defining polynomials 
of isoparametric hypersurfaces to be only of degrees g = 1, 2, 3, 4 and 6. 

In section 11.41 below we consider our results in more detail. First we recall some basic facts 
about eigencubics of Clifford type and Cartan's isoparametric polynomials. 

1.2. Eigencubics of Clifford type. A system of symmetric endomorphisms A = {^4j}o<i<g 
of R 2m is called a symmetric Clifford system [Huj, [C2], [BW] . equivalently A G Cliff {R 2m ~q) if 

AiAj + AjAi = 2Sij • l]g>2m, 

where ly stands for the identity operator in a linear space V. To any symmetric Clifford system 
A G Cliff (M 2m , q) with two distinguished elements Aq,Ai G A one can associate an orthogonal 
eigen-decomposition R 2m = R m © R m such that 

A ° = ( Y -I ) • * = U 'J")' * = U «)■ ™ 

where the skew-symmetric transformations Pi, P q -i satisfy P%Pj + PjP% = — 2<5y. This 
determines a representation {P\, ■ ■ ■ , Pq—i) of the Clifford algebra Cl g _i on M. m [Huj . [BW] . 
Conversely, any representation of the Clifford algebra Cl 9 _i on M m induces a symmetric Clifford 
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system by virtue of (|1.5p . It follows from the representation theory of Clifford algebras that the 
class Cliff (IR 2m , q) is non-empty if an only if 

q < p(m), (1.6) 

where the Hurwitz-Radon function p is defined by 

p{m) = 8a + 2 b , if m = 2 ia+b ■ odd, < b < 3. (1.7) 

Two symmetric Clifford systems A G Cliff (R 2m , q) and B G Cliff (M? m ' , q') are called geomet- 
rically equivalent, if q = q', m = m' , and there exist orthogonal endomorphisms U G 0(M. 2rn ) and 
u G 0(R q+1 ) such that 

A UZ = U T B Z U, V2GM« +1 , 

where A z = Yli=o z iAi, B z = Yli=o Zi ^i- Then the cardinality K{m,q) of the quotient set of 
Cliff (R 2m , q) with respect to the geometric equiavlence is equal to 1 for q = and is determined 
for q > 1 by the following formula (see also |C2l § 4.7]): 

r 0, ifc%)tm; 
K(m,q) = < 1, if (5(g) | m and g ^ mod 4; (1.8) 

1 L^yJ + !' if | m and g = mod 4, 

where [xj is the integer part of x and 5(q) = min{2 fc : p(2 k ) > q}, or equivalently by the following 
table [BW1 p. 156]: 
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In |T2] we associated to a Clifford symmetric system A G Cliff (M 2m , g) the cubic form 

9 

CU(a;) := ^(y, Aiy)x i+ i, y = (x q+2 , . . . , x q+1+2m ) G R 2m , (1.9) 
i=0 

and proved that C4 is a radial eigencubic in M 2m+<?+1 . 

Definition. An arbitrary radial eigencubic is said to be of Clifford type if it is congruent to some 
Cj^. Otherwise it is called an exceptional radial eigencubics. 

We also proved in |T2j that the congruence classes of eigencubics of Clifford type are in one- 
to-one correspondence with the equivalence classes of geometrically equivalent Clifford systems 
which, in view of the remarks made above, yields a complete classification of eigencubics of Clifford 
type. 



1.3. The Cartan isoparametric polynomials. In |Carj . E. Cartan proved that, up to 
congruence, the only irreducible cubic polynomial solutions of the isoparametric system 

|V/| 2 = 9x 4 , A/ = (1.10) 

are the following four polynomials: 

e t =x\ + ^(M 2 + N 2 - 2N 2 - 2x1) + ^MN 2 - N 2 ) + Re wd, ( L11 ) 

where = (xke-e+3, ■ ■ ■ ,2^+2) G R = Fg, and denote the division algebra of dimension i 
(over reals): F\ = M (reals), F2 = C (complexes), F4 = H (quaternions) and Fg = O (octonions). 
The real part in (jl.lip should be understood for a general F^ as 

1 1 

Rez 1 z 2 z 3 = -((z 1 z 2 )z 3 + z 3 (z 2 zi)) = -(z 1 (z 2 z 3 ) + (^3^2)^1), (1-12) 

(observe that the real part is associative, see also Lemma 15.12 in [Ad]). 
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It follows from (|l,lip that the Cartan isoparametric cubics are well-defined only if the ambient 
dimension n € {5, 8, 14, 26}. Moreover, in virtue of (jl.lOp 

L(f) = -^V|V/| 2 ,V/> = -18<x,V/> = -54x 2 /, 

hence any Cartan polynomial is also a radial eigencubic. It is easily seen that any 9g is in 
fact an exceptional eigencubic. Indeed, we note that the squared norm of the gradient is a 
congruence invariant and |V^| 2 = 9x 4 , while (|1.9p yields that the squared norm of the gradient 
of an eigencubic of Clifford type is at most quadratic in some variables. 

A crucial role in our further analysis will play the following generalization of the Cartan 
theorem obtained by the author in [TlJ. 

The Eiconal Cubic Theorem. Let f(x) be a cubic polynomial solution of the first equation in 
(jl.lOp alone. Then f is either reducible and congruent to x n (x\ — 3x 2 — ... — 3x 2 _ 1 ), or irreducible 
and congruent to some Cartan polynomial 9g(x). 



1.4. Main results. As the first step we obtain the following characterization of general 
radial eigencubics. 

Theorem 1. Any radial eigencubic in M n is a harmonic function. 

Remark 1.3. Observe, however, that there are (non-radial) eigencubics which are non-harmonic, 
for example, / = x±g(x) with g given by (jl.2p . All such non-harmonic eigenfunctions are reducible, 
so it would be interesting to know whether there exist irreducible non-harmonic eigencubics. 



Our next step is to establish (Proposition 13. ip that given a radial eigencubic / in M. n one can 
associate the orthogonal coordinates M n = span(e n ) V\ © V% V3 in which / takes the so-called 
normal form 

3 

f = x\ + 4>x n +i/) = xf l - -x n (2£ 2 + rf - C 2 ) + ipm + ^102 + ^012 + ^030, (1-13) 

where x = (£, 77, £, x n ) £ R n , £ E Vi, r] £ V2, C G ^3 an d ipijk denotes a cubic form of homogeneous 
class (^rj J (E)C k - (Here and in what follows, if no ambiguity possible, we abuse the norm notation 
by writing, e.g., £ 2 for |£| 2 ). In addition, the harmonicity of / yields the following restrictions: 

n3 = 2ni + n 2 -2, n = 3ni + 2n 2 - 1. (1.14) 

Definition. The pair (ni,n2) is called the type of the normal form. 



Thus a very natural question appears from the very beginning: whether the type (ni,n2) 
has an invariant meaning? We answer this question in positive, but what is more important, we 
establish the following remarkable trace identity for determining of the dimension n±. 

Theorem 2. Let f be a radial eigencubic in the normal form (j 1. 13\i . Then the associated dimen- 
sions rii = dim Vi, i = 1,2, 3, do not depend on a particular choice of the normal form of f and 
can be recovered by virtue of the cubic trace formula 

x 2 trHess 3 (/) ir _. 
ni = 1+ 3L(/) (L15) 

and relations rt2 = \(n — 3ni + 1), = 1ri\ + ri2 — 2, where Hess(/) is the Hessian matrix of f. 
We emphasize that the ratio in (|1.15p is an integer number. 

In |T2| . we established the cubic trace identity for eigencubics of Clifford type. In the present 
paper, we extend the cubic trace identity to the general radial eigencubics. Our argument is heavily 
based on the characterization of exceptional eigencubics by means of the V>030-t erm i n f|l ■ 13[) which 
we now describe. Let us assume that / be a radial eigencubic written in the normal form. First we 
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show in Proposition 13.31 that the combination if)m + -^^102 induces a symmetric Clifford system 

in Cliff (R 2 ( ni + n2_1 ) ) m — 1) which immediately yields by virtue of (|1.6p the inequality 

m-l<p(n 2 + ni-l). (1.16) 

Next we prove (Proposition 13 . 2[) that the cubic form ?/>030 i n (|l-13p satisfies an eiconal type 
equation |V , 0o3o( r /)| 2 = I 7 / 2 ; V £ MJ 12 . Combining these observations and some further properties 
of the normal form, we are able to prove the following important characterization of the Clifford 
eigencubics. 

Theorem 3. A radial eigencubic f is of Clifford type if and only if for any particular choice of 
its normal form (| 1. 13$ . the component V>030 ^ and reducible. 

In particular, by combining Theorem [3] with the Eiconal Cubic Theorem above, one obtains 
that for any exceptional eigencubic there holds ri2 £ {0, 5, 8, 14, 26}. Then by using some special 
properties of the Hurwitz-Radon function p one is able to show that there exists only finitely 
many pairs (ni,7i2) satisfying the above inclusion and (j!.16|) . This yields the finiteness of the 
number of types of exceptional eigencubics. In fact, we have the the following criterion. 

Theorem 4. Let f be a radial eigencubic in M n . Then the following statements are equivalent: 

(a) / is an exceptional radial eigencubic; 

(b) for any choice of the normal form (j 1. 13\) . the form V'oso is either irreducible or identically 
zero; 

(c) n-2 £ {0, 5, 8, 14, 26} and the quadratic form 

Mf) := -^Hess 2 (/), where L(f) = Ax 2 /, 
has a single eigenvalue. 

The only possible types of exceptional eigencubics are those displayed in Table [1| below. 

In the remaining part of the paper we investigate which of the 23 pairs (m, n 2 ) in Tableware 
indeed realizable as the types of exceptional eigencubics. Below we summarize the corresponding 
results. 

(i) For 77,2 = all types (^ + 1,0), £ = 1, 2, 4, 8, are realizable. For each I, there is exactly one 
congruence class of exceptional eigencubics of type (t + 1,0) represented by the Cartan 
polynomial 9e. 

(ii) For n\ = the only three types (0,5), (0,8) and (0, 14) are realizable. 

(hi) For n\ = 1 then four types (1, 5), (1, 8), (1, 14) and (1, 26) are realizable and in each case 
there is exactly one congruence class of exceptional eigencubics. 

(iv) There is an exceptional eigencubic of type of type (4, 5). 

(v) The types (2,8), (2,14), (2,26) and (3,8) are not realizable. 

Thus, it remains unsettled the six exceptional pairs: (2, 5), (5, 8), (9, 8), (3, 14), (3, 26), (7, 26). 

To obtain the non-existence result (v) we develop a correspondence between general radial 
eigencubics with 77,2 7^ and isoparametric quartic polynomials which can be described as follows. 
Recall that a hypersurface in the unit sphere in W 1 is called isoparametric if it has constant princi- 
pal curvatures [Thlj . |Clj . A celebrated theorem of Miinzner [Mul] states that any isoparametric 
hypersurface is algebraic and its defining polynomial h is homogeneous of degree g = 1,2,3,4 or 
6, where g is the number of distinct principal curvatures. Moreover, if g = 4 then, suitably 
normalized, h satisfies the system Miinzner-Cartan differential equations (cf. with (|1. 101 above) 

\Vh\ 2 = 16x 6 , Ah = 8(m 2 - mi)x 2 , x£R n , (1.17) 

where mi are the multiplicities of the maximal and minimal principal curvature of M, mi + m,2 = 
^rp. Let Isop(mi, 777-2) denote the class of all quartic polynomials satisfying ()1.17j) . Then each 
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h £ Isop(mi,m2) with mi,m 2 > 1 gives rise to a family of isoparametric hypersurfaces 

M c = {x e S"" 1 C R n \ h(x) = c}, ce(-l,l), 

see for instance |C2|, p. 96-97]. In this case mi and 7712 are, up to a permutation, the multiplicities 
of the maximal and minimal principal curvature of the hypersurface M c and 

n-2 = 2(mi +m 2 ). (1.18) 

Theorem 5. Xei / 6e any radial eigencubic in W 1 of type (711,712), «2 7^ 0, and normalized by 
A = —8 in i \l-4\ l- Then f can be written in some orthogonal coordinates in the degenerate form 

f = (u 2 - v 2 )x n + a(u, w) + b(y, w) + c(u, y, w), (1-19) 

where u = {x\, . . . , x m ), v = (x m+ i, . . . , x 2 m)j w = (x2 m +i, . . . , x n -i)> and the cubic forms a £ 
u <8> w 2 , b £ v ® w 2 , c £ u ® v ® w. Moreover, the quartic polynomials 

ho(u, v) := (u 2 + v 2 ) 2 — 2c 2 w G Isop(ni — 1, m — n{), 

hi(u, v) := — u 4 + 6u 2 v 2 — v 4 — 2c 2 u G Isop(m, m — ni — 1). 



// / is in addition an exceptional eigencubic then n2 = 3^ + 2, £ £ {1, 2, 4, 8} and m = n\ + 1. 



By using a recent classification result of T. Cecil, Q.S.Chi and G. Jensen [CCC]. and S. Im- 
merwoll |Im] . and Theorem [5l one can deduce the nonexistence of types mentioned in (v). 

The paper is organized as follows. In section [2] we prove Theorem [1] and in section [3] we estab- 
lish the normal representation ()1.13p . In Proposition 13.31 we exhibit a hidden Clifford structure 
associated with any radial eigencubic and prove (|1 . 16[) . In Proposition 13.41 we obtain a complete 
classification of radial eigencubics with n-2 = mentioned in the item (i) above. The proofs of 
Theorem [21 Theorem [3] and Theorem [3] will be given in sections H] and O In section [6] we establish 
the classification results (ii)-(iv) and also review some examples of exceptional radial eigencubics 
and outline some their aspects. In section [7] we prove Theorem [5] and the non-existence result (v). 



Notation. We use the standard convention that /e denotes the vector-column of partial 
derivatives and f^ v stands for the Jacobian matrix with entries f^-, etc. By A^f = tr/^ we 
denote the Laplacian with respect to £. We suppress the variable notation for the full gradient 
gradient V/, the Hessian matrix Hess/ and the full Laplacian A/. In what follows, if no ambiguity 
possible, we abuse the norm notation by writing, e.g., £ 2 for |£| 2 . The bar notation x is usually 
used 



2. The harmonicity of radial eigencubics 



We begin with treating the normal form of a radial eigencubic. To this end, let us consider 
an arbitrary radial eigencubic / and let xq £ S n_1 be a maximum point of / on the unite sphere 
S n_1 . It is well known and easily verified that in any orthogonal coordinates with xq chosen to 
be the n-th basis vector, / expands as follows: 

f(x) = cxl + x n cj)(x)+ip(x), x = (xi, . . . ,x n _i). (2.1) 

We shall refer to ()2.ip as the normal form of /. Using the freedom to scale /, we can ensure that 
c = 1. Rewrite the definition of radial eigencubic as follows: 



L(f) = 18ax 2 f, 



(2.2) 
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where the factor A(/) = 18a is chosen for the further convenience. Then, identifying the coeffi- 
cients of x l n , < 1 < 5, in (j'2.'2p we arrive at the following system 

= 2a, (2.3) 

= 0, (2.4) 

4>lA S (j> - 4>x4>xx4>x = 6a(cj> + 3x 2 ), (2.5) 

20jfe^x + (fl^xxfa - (6 + 4a)cf>J^ + 18aV = 0, (2.6) 

2(3 + a)^l - ijjfax^x ~ 2<gi)xx^x = 2<p(9ax 2 + <g- a<f>), (2.7) 

bjifjx + 18ax 2 iP + ipj^ xx ip x = 0. (2.8) 



We may choose orthogonal coordinates in R n such that the quadratic form cj> becomes diagonal, 
say (p(x) = X^i 1 §i x \- Then ()2.3p yields 

n-1 

^2<fH = at. (2-9) 

i=l 

By expanding (|2.5|) . we see that each eigenvalue ^ satisfies the equation 

Xa (t) := 4t 3 - 4at 2 + 3at + 9a = 0. (2.10) 

First notice that we can always assume that a/0 because otherwise ()2.10p yields xo = 4i , 
hence = for all i and thus = 0. But the latter implies = by virtue of (|2.7p . hence 
ift = 0. This yields / = x 3 , i.e. n = 1, a contradiction. 

Thus, assuming q / 0, we denote by tj, 1 < i < z/(a), all distinct reaZ roots of (|2.10p . Since 
(|2,10p is a cubic equation with real coefficients, one has 1 < v{a) < 3. Regarding ti as an 
eigenvalue of (f>, let Vi denote the corresponding eigenspace (Vi may be null-dimensional). Then 

v(a) 

R n = span(e n ) © V, F = 0^. (2.11) 

i=l 

From ()2.9p we infer the following constraints on the dimensions nj = dim : 

^tjnj = a, } y rij = n - 1. (2-12) 

«=i i=i 

Now we are going to specify the algebraic structure of the cubic form if). Note that the eigen 
decomposition f)2.11j) extends to the tensor products, thus we have for the cubic forms: 



u{a) 

y*®3 _ y*®q y*m ._ ^ 

|g|=3 i=l 



*9i 



where q = (qi, . . . , q u ( a )) and |g| = gi + . . . + q v ( a ) = 3. Write V = Z)y=3 according to the 
above decomposition. 

Lemma 2.1. In the above notation, let 

u(a) u(a) u{a) 

fc=l fc=l k=l 

If R q 7^ /or some g ; |g| = 3 ; then the corresponding homogeneous component ip q is zero. In 
other words, ip is completely determined by the homogeneous components ifj q whose indices q 
satisfy R q = 0. 
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Proof. By virtue of the Euler homogeneous function theorem, 

v(a) 

<fl4>xx(^q)x = ¥>q ^2 ^klk, 



hence (|2.6|) yields 



4>J(^q)xx4>: 



k=l 

. u{a) v(a) . 

^ k=l fc=l ' 



4>I(%)x = Zipq^tkqk, 



fc=l 



Y,Rq^q=0. (2.14) 

1 

Since the non-zero components ip q are linear independent we get the required conclusion. □ 

Lemma 2.2. If f is a radial eigencubic of dimension n>2 then equation 112. 10\) must have three 
distinct real roots, i.e. v(ot) = 3. In particular, the discriminant of Xa is nonzero. 



Proof. To prove the theorem we shall argue by contradiction and assume that v(a) < 2. 
This holds only if either (i) all roots 4>i are rea l but the discriminant of Xa(t) is zero, or (ii) x a (t) 
has a pair of conjugate complex roots. 

First consider (i). We have for the discriminant (see, for example, [WaJ) 

V(x a ) = 144a 2 (17a 2 - 57a - 243). 

Except for the trivial case a = 0, the discriminant vanishes only for a± := 57±3|vT3^ Since 
analysis of the two numbers is similar we treat only a + . For this value, (|2.1U|) has two distinct 
roots h = 3 ~^Vl3 and i2 _ 3+3^/13 ^ tlie i atter f multiplicity two. Thus v(a + ) = 2 and by virtue 
of (|2.3p . t\n\ + ^2^-2 = ct + . A unique integer solution of the latter equation is easily found to be 
(ni,ri2) = (1,2), hence, in view of (|2.12[) . the total dimension n = 4. Choose V\ = span(ei) and 
Vi = span(e2,e3) so that 

(j) = t l x\ + t 2 {xl + xl). (2.15) 

In order to determine ip, we apply Lemma 12.11 A direct examination of (|2.13p shows that among 
the ^-coefficients with q = (i, 3 — i), < i < 3, there is only one zero coefficient, namely 
Ri,2 = 0. Thus, ip = tpi2, i.e. i\> is linear in x\ and bilinear in (x2,X3). By (|2.4p . A x ip = 0, hence 
ip is congruent to the form 

^ = bx lX2 x 3 , 6eM. (2.16) 
Applying the explicit form of <fi, we get 

24>4>Jipx = 4(j)b(ti + 2t2)x\X2X3 = 46 a + </> £1X2X3, 

and 

18a + x 2 V> + tf)Jipxx4>x = b(18a + + 26 2 )(x 2 + x 2 , + x 2 )xix 2 x 3 . 
Therefore, (j2.8|) yields that either b = or 

4a+ <j) = (18a+ + 26 2 )(x 2 + x 2 2 + x|). 

The latter relation impossible because (|2.15p and t\ 7^2- Thus 6 = 0. But this implies by virtue 
of ()2.16p that ip = and by (|2.7p . = 0, so the contradiction follows. 

Now we consider the alternative (ii). This implies v(a) = 1 because a cubic polynomial with 
real coefficients must have at least one real root. We have V = V\, hence 712 = n% = 0. As a 
corollary, we have (f>(x) = t±x 2 , x £ W 11 , where t% is the unique real root of Xa(t)- In this case, 
tp = 1P3 and (|2.14p reduces to a single equation ^3-^3 = 0. If 1P3 ^ then in view of (|2.13p we have 
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Rz(ti) = + 12tf — 3(3 + 2a)t\ = 0. Therefore R2{t) and x«(*) have a common root £ = t\, 
which implies that their resultant must be zero: 

K{g, Xa) = -486a(16a + 3)(a - 6)(a + 3) = 0. 

In the cases a = —3 and a = 6 the characteristic equation Xo(0 = has three real roots. Thus, 
a = — in which case the unique real root is ti = |. But by virtue of (j2. 12j) . n\ = — = — ^, a 
contradiction 



It remains to consider ■i/'a = 0. In this case we have ^ = and from (|2.7p we obtain 9ax 2 + <?!>| — 
ac/> = 0, which is possible only if a G {0, —3, — ^}. By the assumption, v{a) = 1, hence a = — i 
and the unique real root in this case is t\ = 1. A contradiction follows because n\ = f- = — so 
lemma is proved completely. □ 

Now we are ready to give a prof of the main result of this section. 

Proof of Theorem [TJ By virtue of (|2.ip . 

A/ = 2x n (a + 3), (2.17) 

hence it suffices to show that for any radial eigencubic given by (|2.1|) and normalized by c = 1, 
there holds a = —3. Let / be an arbitrary such eigencubic. By Lemma 12.21 we have v{a) = 3, 
i.e. the characteristic polynomial (|2.1U|) has three distinct real roots t\ < ti < t^. Since by (|2.1(jp 
*i*2^3 = —9a ^ 0, we have ti ^ 0. 

Now we proceed by contradiction and suppose that a ^ —3. Then ip ^ because otherwise 
(|2.8p would imply three alternatives a E {0, —3, — ^}, of which only a = — 3 yields v(a) = 3, a 
contradiction. Let ip = Yl\q\=3^q ^ e the decomposition of ifi into homogeneous parts ip g G y*®i. 
We claim that is there exists q ^ (1, 1, 1) such that ip q ^= 0. Indeed, let us suppose the contrary, 
i.e. that tp = "0in- Since ip ^ 0, we have = dimV^ > for k = 1,2,3. Furthermore, 
^6^*8 V 2 * (g) V 3 * implies 

n-l 

i=i 

We also have from the diagonal form of cf> 

n-l 
i=l 

Similarly, ^J^xxV'x G W because if Xj G F fc * and Xj G V t * for A; 7^ / then 

where {£;,/, m} = {1,2,3}, and if k = I then ifj = tpm yields ip Xi Xj = 0. This shows that the left 
hand side of (|2.7p belongs to W. 



On the other hand, combining terms in the right hand side of (j2.7|) . we get 

n— 1 n— 1 3 3 

2 ^ 4>ixi ■ ^(4c/> 2 - a4>i + 9a)x 2 = 2 ^ t,u 2 • ^(4if - at,- + 9a) 

i=l i=l j = l j = l 

3 

= 2 ^ tj(4tj - atj + 9a)uf + h, 
i=i 

where h £ W and itj is the projection of x onto VJ. This yields Xw=i G W, where Cj = 
tj{4i 2 - — atj + 9a), hence ci = C2 = C3 = 0. Since tj 7^ 0, we conclude that At 2 - — atj + 9a = 
for all j = 1, 2, 3. But this yields that the quadratic polynomial 4i 2 — at + 9a has three distinct 
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real roots, a contradiction. This proves that there exists q 7^ (1, 1, 1) such that t/j q ^ 0. Applying 
Lemma |2.H we see that the corresponding ^-coefficient must be zero. This gives 

0= J] R q . (2.18) 

9^(1,1,1) 

Write the latter product as P1P2, where 

Pi = -R3OO ^030-^003 5 P2 = -^210^201-^120^021-^102^012- 

Then pi and p2 are symmetric functions of *j, i = 1, 2, 3, hence can be expressed as polynomials 
in a. For instance, in order to find P2 we note that 

i?2i = 2* 2 + 6t? + 4*1*2 - (3 + 2a) (2*i + * 2 ) + 

«20i = 2*! + 6*? + 4*!* 3 - (3 + 2a)(2*i + * 3 ) + ^, 
hence eliminating *2 and *3 in -R210-R201 by virtue of Viete's formulas, we get 

which yields 



#210^201 = 4(2*! - 3) 2 (12* 2 - 8a*i + 3a) = 16(*i - |) 2 x«(*i) 



3 3 

P2 = 16 3 n(t, - \f J] x'aCti) = -4 3 Xa(3/2) 2 V{ Xa ) = -2 4 3 4 (a + 3) 2 V( Xa ), 

i=l i=l 

where D(xa) = — 4%'(a, *i)x'(a, *2)x'( a i ^3) is the discriminant of Xa- By our assumption, the 
characteristic polynomial Xa has exactly three distinct real roots, hence T>(xa) 7^ 0. Thus, in 
view of a 7^ —3 we conclude that P2 ^ 0. This yields by virtue of Lemma |2.1| that <p q = for any 
q obtained from (1,2,0) by permutations. In particular, 

i> = -0111 +"0300 +"0030 +"0003- (2.19) 
On the other hand, P2 7^ yields by virtue of (|2. 18j) that p\ = 0. We have from (|2.13p 

= pi = n( y + i2t ' " 3(3 + 2a)tk) = 123 - 4W* - f )' 

fc=l k=l 

12 3 3 5 
= ^g- • Xa(3/4)x«(a/2) = -^iT ■ «(« + 3)(a - 6)(16a + 3). 

It is easily verified that, except for a = —3, only for a = 6 the characteristic polynomial has three 
real roots. By solving the corresponding characteristic equation x&{t) = 2(* — 3)(2* 2 — 6* — 9) =0, 
we obtain *i = 3 and *2,3 = 3=l= o ■ Then (|2.12|) yields the relation between the dimensions 
Hi = dimVi of the corresponding eigen spaces Vf. 

6ni + 3n 2 + 3n 3 \/3 , 

2 + Y^ 2 ~ H3 ' = ' 

Since rii are nonnegative integers, we find ri2 = n 3 and n\ + 71-2 = 2, which gives the following 
admissible triples 

(ni,n 2 ,n 3 )G {(2,0,0), (1,1,1), (0,2,2)}. 

Substituting the found *j into (|2.13p . we obtain additionally that -R030 and -R003 are non-zero, 
which by Lemma I2TT1 and (|2.19p yields ip = 0m + -0300- Note that 0m is harmonic because it 
is linear in each variable and 0> is harmonic by virtue of (|2.4p . Thus, V^oo is harmonic. On the 
other hand, V300 ^ because ^ 0m- This yields n\ > 2. This strikes the triples (1, 1, 1) and 
(0, 2, 2) from the list. 

Consider the only remaining triple (^1,^2^3) = (2,0,0). In this case V2 and V3 are trivial, 
and Vi is two-dimensional, hence tp = -0300- Since t\ = 3, we have = 3(x 2 + x 2 .). This implies 
for the left hand side of (|2.7p 

2(3 + a)0| - ififafa - 2010,^1801 - 60 2 - 240? = -120?. 
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On the other hand, the right hand side is strictly positive: 

2<p(9ax 2 + <f%- a<t>) = 2 4 • 3 3 (xf + x\f . 
The contradiction shows that a^6, the theorem is proved completely. □ 

3. A hidden Clifford structure 

Let us consider an arbitrary radial eigencubic / given in the normal form (|2.ip normalized 
by c = 1. Then by Theorem [TJ any radial eigencubic is harmonic, hence (|2.17p yields a = —3 in 
(|2.2p (equivalently, A(/) = —54 in (|1.4p ) and we have for the characteristic polynomial (|2,10p 

X- 3 (*) = 4£ 3 + 12i 2 - 9t - 27 = 4(t + 3)(t - + |), 

which yields t\ = -3, t 2 = -f and i 3 = §. Write M n = span(e n )©y and denote by V = Vi®V 2 ®V 3 
the eigen decomposition of V associated with <f>. Then 

3 3 

(f){x) = -3f - -T] 2 + -C 2 , where x = ^er/eC e y (3.1) 

If rii = dim Vi then in virtue of (|2.12p 

n 3 = 2ni + n 2 - 2, n = 3n x + 2n 2 - 1. (3.2) 

A close examination of (|2.13p shows that R q = vanish only if q is one of the following: 
(111), (102), (012), (030). This yields by virtue of LemmaO 

^ = ^111+^102+^012+^030, (3.3) 

and 

A-^102 = 0, A^ i2 = -AV'oso (3.4) 
by virtue of ()2.4p . The remaining equations (|2.7p and ()2.8p are read as follows: 

^Amfa + 2<gfa s fa = ^(C 2 - 2£ 2 - r ? 2 )(57? 2 + 3( 2 ), (3.5) 

2<j> eg fa + ^lfa- x fa = 54(£ 2 + r/ 2 + C 2 )V>- (3.6) 

In summary, we have 

Proposition 3.1. Given a radial eigencubic f in W 1 , there is an orthogonal decomposition R n = 
Span[e n ] V\ V 2 V 3 , suc/i i/ia£ 

3 

/ = 4 - 2 x »( 2 ^ 2 + ^ ~ C 2 ) + ^iii + ^102 + ^012 + V'oso, (3.7) 

where x = (£,r),£,x n ), £ E V\, rj G V2, C G ^3; anc ^ dimVi = n,- L satisfy (jff.ffp . Moreover, ip satisfy 
(TO) and (HO- fpOl) . Conversely, if the cubic polynomial (\k]§ satisfies (fO|) and 
then f is a radial eigencubic. 

Definition. Suppose a radial eigencubic / admits the normal form (|3.7p . Then the pair (ni,n 2 ) 
is called the type of the normal form, where dim Vi = n\ and dimV^ = n 2 . 

Proposition 3.2. Let f be a radial eigencubic given in the normal form \3. 7|). Then 



3(^m) 2 + (^102)? 

C011l)c (^102)c 

6(Voi2)'+4(Vio 2 )| 


= 27C 2 £ 2 , 

= we, 

= 0, 

= 27C 4 , 


(3.8) 

(3-9) 
(3.10) 
(3.11) 


(^030 ) 2 


9 4 


(3.12) 


2(^111)^(^030)77 + (V'iii)c (V'oi2)c 
2(Vm)| + 2(^030)^(^012)^ - (^012)' 


= 0, 

-9CV- 


(3.13) 
(3.14) 
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Proof. We consider (|3.5p as an identity in V*® q , \q\ = 4. Let 7r g denote the projection of 
V* m onto V*® q and let S = f (C 2 - 2£ 2 - r/ 2 )(5? ? 2 + 3C 2 ) denote the right hand side of (1331) . 
Since ijjj 4>xx^x = — 6V>| — 3^ + 3-0 2 and 

2(j)^xx^x{^l)l ( t > x = ^ (-6gi - 3g 2 + 3g 3 )7Tg(V|), 
[,|=4 

we obtain from (|3.5|) 

= n q (-6^l - 3^ + 3?/> 2 ) - 3(2gi + g 2 - g 3 K(^I) (3.15) 
= -303, + 2)7r g (V>f ) - 3(/3 9 + 1)tt,(^) - 3(/3 9 - l)n q (^), 

where /3 9 = 2gi + q 2 - g 3 . 

We have for g = (202): /3 202 = 2 and 7r 202 (^ 2 ) = 0, whereas 7r 202 (^ 2 ) = (^m) 2 and 7r 202 (-(/> 2 ) = 
(^102) 2 - This yields by $LM 

7r 2 Q2(S) = -3(/3 20 2 + l)(lhll)l ~ 3(/?202 " 1)(^102)? 

= -9(V>m) 2 - 3(Vi 02 )c, 

which proves (|3.8p because 7r 2 o 2 (5) = — 81£ 2 C 2 • 
Arguing similarly for q = (220) one obtains 

-135?? 2 e 2 = vr 220 (5) = -3(/3 220 - Win) 2 - = -15(Vm)?, 
hence (|3.9p follows. The remaining identities are established similarly. □ 



Let us rewrite ipm and ^102 in matrix form as follows: 

V>m = 3r? T P c C, ^102 = ^ C T Q ? C, (3.16) 

where 

n\ ni 



n", 3 xn 3 
k 8ymm ■ 

i=l »=l 



Here and in what follows, by R fcxm we denote the vector space of matrices of the corresponding 
size and by M™^™ denote the space of symmetric matrices of size m. In addition to (|3.16|) it is 
convenient also to introduce the following matrix notation: 

^111 = 3t7 T P„C = ^ T N V C, ^012 = ^C T ^C, (3-17) 

and 

H(v) = ^V^oaoW, (3.18) 



14 TKACHEV VLADIMIR G. 

where N v G M niXn3 , G M™ 3 *™ 3 . Then the equations ([5^]) - ([5Ti|l are rewritten in matrix 
notation as follows: 

m 

E^C) 2 + C T Q|C 



i=l 



ee 


(3.19) 


2-1 


(3.20) 


o, 


(3.21) 


C 4 , 


(3.22) 




(3.23) 


o, 


(3.24) 


0. 


(3.25) 



ni ri2 

E(c T ftc) 2 + E(c T ^o 2 

i=l 3=1 

N H + 
+ R H - 2R 2 V + r/ 2 ly 3 

Proposition 3.3 (Hidden Clifford structure). Let f be a radial eigencubic with the normal form 
< \3. 7fl of type (nx^n-z). Then the cubic form 

C(z) := |ft& lu + ^102), z = (7?,C) G R**+*»- 2 , 

is an eigencubic of Clifford type. In particular, 

m - 1 < pfa + m - 1), (3.26) 
where p is the Hurwitz-Radon function \1. 7| ) . 

Proof. The case ni = is trivial. Let us suppose that / be a radial eigencubic with the 
normal form (|3.7p of type (711,112), where ri\ = dimVi > 1. By using (|3.16p . (i/>m)^ = SP^C, 

(^m)c = 3P e T?? ' and W'IkOc = 6\Z3QgC, so that ([331), ([23]) and (I3TTTJD become the following 
matrix identities: 

pTp 5 + Q| = ^l y3 , P^ = fl V2 , P € Q c = 0. (3.27) 
The latter is equivalent to that the symmetric matrices 

Ei = ( nT 5 1 (3.28) 



P, 1 Q 
satisfy 

+ E'j-Ej = 2Sij lv 2 ®V 3 1 < 7,i < 771, 

which implies that {£i}i<i< ni is a symmetric Clifford system in V 2 V 3 = M n 2+ n3 = ]R2(ni+n 2 -l)_ 
In particular, this yields that C(z) = §(^m + -^gV'102) is indeed a Clifford eigencubic, cf. (|1.9|) . 
By using (JTJD we get (l3T26|) . □ 



The above results naturally yields a classification of radial eigencubics with 772 = 0. 

Proposition 3.4. A radial eigencubic f admits the normal form having the property n 2 = if 
and only if f is congruent to either the Cartan polynomial Be, I G {1,2,4,8} or 9q := x% — ?>x 2 x\. 
Furthermore, in that case n\ = £ + 1. 

Proof. First remark by virtue of (|l.lip that for the Cartan polynomials 9i, t = 0,1,2,4,8, 
there holds n\ = i + 1 and n 2 = 0. 

Now suppose that / is an arbitrary radial eigencubic which admits the normal form (j3.7|) 
with the property that n 2 = 0. Then V 2 = {0} and (j3.3|) yields ip = t/>io2- Moreover, (j3.2|) 
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yields 723 = 2n\ — 2. If m = 1 then n.3 = and ^102 = 0, so that (|3.7p implies the trivial case, 
f = x\ — 3£fx2 = &o- Hence we can assume that ri\ > 2. Then 77,3 = dimV3 > 1 and 

f = xl -|c n (2£ 2 -C 2 )+V>i02. 

In particular, by (l3TTT|) and <^ %fe = (Voi2)| + O102) 2 = f (C 2 + 4£ 2 )C 2 , which implies 

|V/| 2 = 9(x 2 +e 2 + C 2 ) 2 = 9x 4 . 

Taking into account that / is harmonic, we conclude that / satisfies the Miintzer-Cartan equations 
(jl.lOp . thus by the Cartan theorem / must be congruent to dg for some i £ {1, 2, 4, 8}. This yields 
3£ + 2 = n = ni + n3 + l = 3ni — 1, hence n\ = i + 1 as required. □ 



4. Proof of Theorem [3] 

We split the proof of Theorem [3] into two steps: the 'if -part will be established in Proposi- 
tion STT] below, and the 'only if '-part will be given in Corollary 15.31 



Proposition 4.1. Let f be a radial eigencubic in the normal form <\3. 7[ ). * s reducible and 

not identically zero then f is of Clifford type. 



Proof of Proposition 14. 11 By the assumption, ^030 is reducible and not identically zero 
hence by the Eiconal Cubic Theorem there exist orthogonal coordinates (771 , . . . , rj n2 ) in V2 
such that 

1 



Then we have for the vector field (|3. 18)) : H = {rj^ 2 — rf , —2r\ n2 r]). This yields 

N H = -2r/„ 2 ^ + (r/ 2 2 - f)N n2 , R H = -2r) n2 R^ + (r/ 2 2 - f)R n2 , 

where N v E ]R"i x "3 an d R v G M" y 3 *™ 3 are defined by (IBTTTj) . Thus ([3~24"|) and (l335|) becomes 
respectively 

- 277„ 2 iV^ + (r? 2 2 - ?7 2 )iV n2 + iV^ = (4.1) 

and 

2NjN v - 2 Vn2 R^ + {rg 2 - f)R n2 - 2R% - rj 2 l V3 = 0. (4.2) 
By identifying the coefficients of rfc 2 in the latter relations one finds 

N n2 (l Va +R n2 ) = 0, 

T 2 ( 4 - 3 ) 

2N n2 N n2 — 2R n2 - Rn 2 - ly 3 , 

which yields (2i? 2 — R n2 — ly 3 )(lv3 +Rn 2 ) = 0. The latter equation shows that R n2 has eigenvalues 
±1 and — i. Let V3 = F © Z © W be the corresponding eigen decomposition of R n2 and let 
C, = (y,z,w) denote the associated decomposition of a typical vector ( £ V3. We have 

dimF + dimZ + dimVF = n 3 = 2ni + n 2 - 2 (4.4) 

and 

tr R n2 = dim Y - dim Z - - dim W. (4.5) 
On the other hand, (|3.2(jp yields 

N n2 Nl = l Vl , (4.6) 
hence we find from the second equation in (|4.3p 

2ni = 2triV n2 iVT = 2tr^iV n2 = tr(2i? 2 2 - R n2 - l Va ) = 2dimZ. 
Thus dimZ = n\. Also, in view of the second relation in ([37 



tr Rv = 3^/2 Ac ^ 012 = ~37f Ar ?^ 003 = ^ 2 ~ 2 ^™ 2 ' 
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hence tri? n2 = ri2 — 2 and tri?j = for 1 < % < n,2 — 1. Combining this with (|4.4p and (j4.5[) we 
obtain 

dimly = 0, dimy = ni + ri2 — 2, dimZ = m. 
In particular, V3 = Y © Z and we can write i? n2 in the block form 

= ( * _° lz ) , (4.7) 

which yields in view of (|4.3p 



iV„ T 2 iV n2 = 2< _ ^ - ly 3 = ( ° Y (4.8) 

Regarding N n , 2 as a mapping from = Y ® Z into Vi, we obtain from (|4.8[) the corresponding 
block representation: iV n2 = (0, [/), where U : Z — > V\ satisfies, by virtue of (|4.8p . C/ T [/ = 1^ 
and also, in view of (|4,6p . ?7f7 T = ly, hence f7 is an isometry. Thus, we may assume without 
loss of generality that the orthogonal coordinates in V± and Z are agreed so that U = 1 is the 
unit matrix (of size dimVi = dimZ = n\). This yields N n2 = (0, 1). 

On substituting (|4.7p into (|3.22|) . we obtain 

ni n 2 -l 

J2(C T Q l Q 2 + £ (C T ^<) 2 = (y 2 + z 2 ? - (y 2 - z 2 ) 2 = % 2 ^ 2 



i=i i=i 



where 

which implies 



C = (y,z) G y©Z, (4.9) 



aj ■ ^ D _ f ft 



Qi=( a j J J, ^ = V^T I' ^^"2-1. (1.10) 



Coming back to (|3.2U|) . it can be seen that 

N ri2 NJ + N rl N^ =0 and = fj 2 l Vl . (4.11) 

Regarding iv"^ = X^i" 1 as a mapping from V3 = Y Q Z into Vi and rewriting it in the block 
form as (o«, 6^), we deduce from ()4.1ip that 

bfj + b]j=0, a n a^ + b^fcT = fflvt- 
Also, by identifying the coefficients of r\ n2 in (|4.ip . one finds 2A^ = N n2 Rfj + NfjR n2 , which yields 



Ojj = and 6^ = 0. Thus, 



iV„ = (^,7^1) (4.12) 



Now we consider the normal form ()3.7p and rewrite it in the Clifford form (??). To this end, 
let us first introduce the new orthogonal coordinates 

_ x + V2yp V2x - y 

Xn- ^ , Vn 2 ~ ^ 

in the (x n , r/„ 2 )-plane. Then the following identity is verified by a straightforward calculation: 



:> 3 . 9 _9 2 \ \f^i , o _o \ 3\^2^ 9 3\/3 - > > 

+ ^ni-Vna ~ V + V ) + ~2~w»ia ~~ ^z 7 ? ) + -^~Vn 2 y = —^-x {y Q +2/ ~ »7 )• 
Taking into account (|4.9p . (|4.12p and (|4.10p . we rewrite (|3.7p in the new coordinates as folows 

/ = ^ Myl + y 2 - n 2 ) + ^{z 2 - 2f) - ^ ^ + s Vn2 + n, (4.13) 

where 

J2 = 3y T /^(£ + 2V2) + 3\/32/ T a^. 
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Let us introduce the new orthogonal coordinates in V\ @ Z by virtue of 

£ + \/2z z — 



Then 



^ 2 - 2f) ~ ^ Vn 2 z 2 + 3 Vm fz = -^W - 2y s T t), 



h = xo(y 2 + y 2 -t- 1 2 ) + 2y s T t + n, (4.14) 



and (|4.13p becomes 
where f\ := 2 -jp/ and 

O = 2y T /3, 7 s + 2y T a ( z. (4.15) 
Next, note that in view of (l4TTTJj) and (pT2TT) 

a 5 £ = 0, (4.16) 
hence setting £ = £' + £" in (|4.16p we get = — which yields for the last term in (|4.15p 

y T a^z = ^y T a s _^ t (t + \/2s) = y T a s t. 

Thus O = 2y T (3fjS + 2y T a s t, hence we arrive at the following expression 

fi = MVo +y 2 -f- t 2 ) + 2y s T t + 2y T (3 fj s + 2y T a s t. (4.17) 

In order to show that the last expression is indeed a Clifford representation, we rewrite fi in 
matrix notation as follows. We combine the coordinates as follows: 

y = (ya,y)£Y, z = (fj,t)ez, 

where Y = Z = W 11 ^ 2 ' 1 , and set U = Y © Z and u = (y, z) G U. Then (|4TT7|) becomes 

ni 

fi = xqvJ A$u + s i u T AiU = xqu t Aqu + u T A s u (4-18) 

i=l 

where the matrices 

A«-( X y ° ) A-( ° Di 

are written in the block form with respect to the orthogonal decomposition U = Y © Z. Here the 
matrix D s = Yl7=i Si ^ >i * s defined by virtue of 

2y s T t + 2y T (3rjS + 2y T a s t = y T D s z, 

in other words, 

s T 
G., a. 



where the latter block-form is associated with the vector decompositions y = (yo, y) and z = (77, t), 
and the matrix G s is determined by dualizing 

y T /V = y T G s fj. (4.19) 

Coming back to (|4.18p . we see that it suffices to show that {^4o; A\, . . . , A ni } is a symmetric 
Clifford system in R 2 («i+"2-i)_ T ^ s wi \\ ^ ^one, in view of the explicit form of Aq and the 
equality diml" = dimZ, if we show that the subsystem {A\, . . . ,A ni } is also a symmetric Clifford 
system, which is, in its turn, is equivalent to the following two identities: D s Dj = s 2 ly and 
Dj D s = s 2 lg. Since the matrix D s is square, it suffices to prove, e.g., the first of the last two 
relations. To this end, we write by virtue of (|4.16D 

T = ( s 2 s T aJ \ = (* 2 

s s V a * s °sGj + a s aj J I G S G] + a s a] 
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From (|4.19p we have 

TJ2— 1 n,2— 1 

y T G s Gjy = \Gjy\ 2 = ^ (y T G, ej ) 2 = ^ (y T ft*) 2 , (4-20) 

i=l i=l 

where {e^} is an orthonormal basis in V 2 = {(7/,0) G V^}- On the other hand, by rewriting (|3.19p 
by virtue of (|4.12p . we obtain 

"2-1 

Cz + ^2 (y T A0 2 + y T ^aJy + z T aJ a! :Z = (y 2 + z 2 )f, 
i=i 

and setting z = and £ = s in the latter identity we get in view of (|4.20p 

y T G s Gjy + y T a s a]y = y 2 s 2 , 

i.e. G s Gj + a s aj = s 2 ly. This yields D s Dj = s 2 l y as required. Thus f\ is a Clifford eigencubic 
and the proposition is proved completely. 

□ 

Proposition 4.2. If f is an exceptional eigencubic in the normal form ^3. 7\ ) then vpo30 "is either 
reducible or identically zero. Furthermore for an exceptional eigencubic ni £ {0, 5, 8, 14, 26} and 
the triple (ni, 722,77-3) can take only the values presented in Tabled 



ni 


2 


3 


5 


9 





1 


2 


4 





1 


2 


3 


5 


9 





1 


2 


3 





1 


2 


3 


7 


n 2 














5 


5 


5 


5 


8 


8 


8 


8 


8 


8 


14 


14 


14 


14 


26 


26 


26 


26 


26 


"3 


2 


4 


8 


16 


3 


5 


7 


11 


6 


8 


10 


12 


16 


24 


12 


14 


16 


18 


24 


26 


28 


30 


38 


n 


5 


8 


14 


26 


9 


12 


15 


21 


15 


18 


21 


24 


30 


42 


27 


30 


33 


36 


51 


54 


57 


60 


72 



Table 2. Possible type of exceptional eigencubics 



Proof. Let / be an exceptional eigencubic given in the normal form (|3.7p . Then by Proposi- 
tion 14. H V030 is either irreducible or identically zero. This implies by virtue of the Eiconal Cubic 
Theorem that 772 £ {0, 5, 8, 14, 26}. On the other hand, by Proposition 13.31 we have 

771-1 <p(n 2 + 771-1). (4.21) 

Note that the following elementary inequality for the Hurwitz-Radon function holds: 

p{m) < ^(m + 8), m > 1. (4.22) 

Indeed, by the definition (|1.7p p{m) = 8a + 2 b , where m = 2 s n\ with 771 an odd number and 
s = 4a + b, b = 0, 1, 2, 3. For these b, 2 b < 2b + 2, hence p{m) < 8a + 2b + 2. On the other hand, 

8a + 2b + 2 = 2s + 2 < 2 s " 1 + 4 < ^(2 s tii + 8), 

which proves (|4.22p . 

By (|4T21~1) and K22h . n l -l<2n 2 + 16. Thus, given n 2 G {0, 5, 8, 14, 26} it suffices to examine 
(|4.2ip only for the numbers of n\ for which tt-i < 2772 + 17. This easily yields the numbers presented 
in Table El □ 
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We shall establish the cubic trace formula for radial eigencubic of Clifford type and excep- 
tional eigencubics, separately in Proposition 15.21 and Proposition 15.11 below. We start with some 
definitions and lemma. 

Definition. We say that an arbitrary cubic polynomial / in 1" possess the quadratic trace identity 
(with the constant j3 £ R) if 

trHess 2 / = /3x 2 , (3 = (3(f) £ R. (5.1) 
Similarly, we say / possess the cubic trace identity if it satisfies 

trHess 3 / = af, (5.2) 

for some a£l. 



We shall also make use the following quadratic form 

A x 2 f 

which spectrum is a congruence invariant of / in view of the invariant properties of the operator 
L. 



02(f) = ^LM± } whereA = _^Z, (5.3) 



Lemma 5.1. For any radial eigencubic f in W 1 the following holds. 

(i) If f possess the quadratic trace identity with (3 then f posses the cubic trace identity with 
the constant a = — (n + 6)A — 6(3. 

(ii) If f possess the cubic trace identity with a then any normal form of f has type (711,722), 
where n\ = ^ + 1 and n 2 = ra ~ 3 ^ 1+1 . 

In particular, if a radial eigencubic f possesses the cubic trace identity then its type is uniquely 
determined by the congruence class of f. 

Proof, (i) Since / is harmonic, we find from ()1.4[> that Yll j=\ fxjxix^fx, = —Ax 2 /, hence 
applying the Laplacian to the latter identity and using the homogeneity of / we obtain 

n 

2tr Hess 3 / + 4 ^ f Xi x j fx i x j x k fx h = -A(2n + 12)/, 
i,j,k=l 

On the other hand, by our assumption trHess 2 / = (3x 2 , hence 

n -y n 

fxixjfxixjxjx,, = ^(W, V trHess 2 /) = /3^x fc / Xfc = 3/3/, 

i,j,k=l fc=l 

which yields trHess 3 / = —((n + 6)A + 6(3) f and thereby proves the first claim of the proposition. 

(ii) Now suppose that / possess the cubic trace identity (|5.2|) . It follows from the invariant 
properties of the operator L, see for instance [HJ, that the ratio 

a tr Hess 3 f m , . 

'->i=-nr 6R (5 - 4) 

is invariant under orthogonal substitutions and dilatations, hence it suffices to establish (ii) in 
assumption that / is given in the normal form, e.g. by virtue of (|2.ip and normalized by c = 1. 
In that case, the Hessian matrix of / has the following block form associated with the orthogonal 
decomposition R n = span(e n ) © span(e n )- L : 

6x n (fl 

4*x ^n'fixx XX 



Hess/ 
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hence 

trHess 3 / = 216x1 + 18x n ^ + 3tr 4> x 4> x (x n (j) xx + ip xx ) + tr(x n (f> xx + ifi x v> 



XX I 

3 \„,3 



= (216 + tr</4)x 3 + ... 

where the dots stands for the degrees of x n lower than 3. On the other hand, the coefficient 
of x 3 in trHess 3 / can be read out from the cubic trace identity trHess 3 / = af which yields 
a = 216 + tr</> 3 . Using (O) and (HP) . 



a = -216 + (-216m - 27n 2 + 27n 3 ) = 162(1 - n x ) = 3A(m - 1), 

which yields n\ = ^ + 1, as required. 

Finally, note that the dimension n\ is uniquely determined from the cubic trace identity by 
virtue of A and a, and in view of the remark made above the ratio ^ is a congruence invariant. 
Since n 2 is determined by n 2 = n+ r 3ni ,we conclude that it is also a congruence invariant. The 
proposition is proved completely. □ 

5.1. The cubic trace identity in the Clifford case. 
Proposition 5.1. Let A = (A , . . . , A q ) G Cliff (R 2m , q) and 

q 

CU0*0 = ^2(y,Ay)xi+i, y = (x g+2 ,...,x q+1+2m ) e ^ 2m - (5.5) 

i=0 

be the Clifford eigencubic associated with A. Then 

0"2(CU) = mz 2 + (q + l)y 2 , z = (xx, . . . , zi +g ), (5.6) 

and Cj± possess the cubic trace identity with a = 3(q — 1)A. In particular, Cj± has the type 

(ni,n 2 ) = (q,m+ 1 - q). (5.7) 



Proof. Write the Hessian matrix of / = Cj± in the block form 

Hess/ = 



fyy fyz \ ( 2A Z B 



fzy f zz J V B 

where B is the matrix with entries B^ = f ViZ . = 2eJ Ajy and {e,} 2 ^ is the standard basis in 
R 2m . Then 

2m q 

trHess 2 / = 4tr,4 2 + 2ti BB T = 8mz 2 + 8 ^ y T A jei eJ A jV 

i=l j=0 

= 8(mz 2 + (q+ l)y 2 ). 

By Theorem 3.2 in |T2j we have \{CX) = —8 which yields ()5.6|) . 

In order to establish the cubic trace identity, we note that A 2 = z 2 \^2m and trvlj = 0, so that 
tr A 3 = trz 2 A z = and 

tr Hess 3 / = 8 tr yl 3 + 6 tr A Z BB T = 6 tr A Z BB T . (5.8) 
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Prom (??) A z A k + A k A z = 2z k l R 2 m , hence 

2m q 2m 

tiA z BB T = {A z ) ij {BB T ) i3 =4J2Y1 (AzhejA k y ■ ej A k y 

i,j=l k=0 i,j=l 

q 2m q 

= 4 y T A k ( (A g )ij a ■ ej)A k y = 4^ y T A k A z A k y 

fc=0 i,j=l k=o ' ^ 

q 



4^y T (2z fc l M 2m - A z A k )A k y 



k=0 

= 4(1 - q)y T A z y. 
Combining (|5.8p and ()5.9p yields 

tr Hess 3 / = 24(1 -q)f, 

hence / possess the cubic trace identity with a = 24(1 — q) = 3(q — 1)A. Then by using (ii) in 
Lemma |5, II we find from n = 3ni + 2n2 — 1 = q + 1 + 2m that m = q and n 2 = m + 1 — q. 

□ 

Corollary 5.1. A pair (ni,n 2 ) of non-negative integers is the type of some eigencubic of Clifford 
type if and only if 

rn <p(n 2 + ni-l). (5.10) 



Proof. Let us first suppose that (|5.10p holds. We may assume without loss of generality 
that n\ > and n 2 + n\ — 1 > 1. Then setting q = n\ and m = m + n% — 1, the inequality 
i%x — 1 < /3(n2 + ni — 1) becomes equivalent to g < p(m) which implies that there exists a 
symmetric Clifford system A = {Ao, . . . , A q } G Cliff (M 2m , g) . Let Cjy the associated with A 
Clifford eigencubic (|1.9p . Then Proposition 15.11 yields that C^i is a Clifford eigencubic of type 
(q,m + 1 - g) = (ni,n 2 ). 

In the converse direction, let us assume there exists a Clifford eigencubic / of the type (n\, n 2 ). 
Since the case is trivial, we may assume that n\ > 1. By Proposition 13.31 we have n\ — 1 < 
p(n2 + ni — 1), hence it suffices to show that the equality in the latter inequality is impossible. 
We assume the contrary, i.e. that there exists a Clifford eigencubic / of the type (ni,n 2 ) with 
n\ > 1 and n\ — 1 = p(n2 + ni — 1). By Proposition 15. 1\ f is of type (q, m + 1 — q) = (ni,n 2 ), 
hence m = q and n 2 = m + 1 — q. On the other hand, the existence of the Clifford eigencubic / 
implies q < p(m), hence n\ < p(n 2 + n\ — 1), a contradiction. □ 



5.2. The trace identities for exceptional eigencubics. 

Proposition 5.2. Let f be an arbitrary radial eigencubic having the normal form of type (ni,n 2 ), 
n 2 G {0, 5, 8, 14, 26}, and such that A^o30 = 0. Then 

trHessV) = --(3m + n 2 + 1) Ax 2 , (5.11) 

tr Hess 3 (/) = 3(m - 1) A/, (5.12) 

where L{f) = Ax 2 /. In particular, the trace identities l\5. 1 ip and (|5.i£p are valid for any excep- 
tional eigencubic. 

Remark 5.1. Observe, that the statement of Proposition 15.21 establishes also the implications 
(a)=^(c) and (b)=>(c) in Theorem [H 



Proof. Observe that it suffices to prove the first identity. Indeed, if ([5. lip holds then by 
Lemma 15. II we have trHess 3 (/) = af with 

a = -{n + 6)A + 2(3n x + n 2 + 1)A = 3(1 - n x )A, 
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so that ()5.12p follows. 

We split the proof of (|5.1ip into two steps. First we suppose that re 2 = 0. Then by Propo- 
sition [33] / is an isoparametric eigencubic of type {£ + 1,0), £ = 1,2,4,8. In particular, / is 
harmonic and satisfies the eiconal equation |V/| 2 = cx 4 for some c > 0. Hence 

L(f) = |V/| 2 A/ - I(V|V/| 2 , V/) = -6c/* 2 , 

hence A(/) = —6c. On the other hand, by using the harmonicity of / again, we get 

n n n ^ 

trHess 2 (/) = £ fl,. A/,, + E ^ = = 2c(n + ^ 

i,j=l i=l m=i 

Since n = 3£ + 2 = 3ni + n 2 — 1, we latter identity is equivalent to (|5.1ip . 

Now suppose that n 2 = 3£ + 2, ^ E {1, 2, 4, 8}, and / is written in the normal form (|3.7p with 
At/too = 0. Let W 1 = Vq © Vi © V 2 © V3, V = span(e n ), be the associated with (f3TT|) orthogonal 
decomposition. Then 

3 3 
trHess 2 / = ^ tr /y^/y^ = E T ^'' Ti i = 
i,i=0 *J=0 

Here /y-y^ stands for the submatrix of the Hessian of / with entries f u ,vi where u and v run 
orthogonal coordinates in tyj and respectively. We have / Xna:n = 6x n , = — 6£ T , f XnT) = 
— 3r/ T , f Xn £ = 3£ T , = — Qx n lvi, f^r)j = 3eJ Nj(, where {e^} is an orthonormal basis in V\, and 
the matrices Ni are defined by ()3.17p . This yields 



Too = 36x 2 , T i = 36£ 2 , T 03 = 9r/ 2 , 
T 04 = 9C 2 , Tn = 36nix 2 . 

We also have 

T i2 = 9 E E ^ N 7 e ^ ■ = 9c T (E n 7 n jK- 
i=i j=i j=i 

On the other hand, since tr A^iV^ = n^ 2 by virtue of (13T2TJD and Qi N ^ e i = l A t(Qt N v& 
by virtue of (|3.2ip . we find 



T13 = 9j2Y,(ejN v e k + V3C T Qie k ) 2 = 9tx N v Nj + 18v^C T E ^>7 e * + 27 C T (E ^ 

i=l fc=l 

ni 

= 9n 1 r ? 2 + 27C T (^Q 2 )C, 



«=1 fc=l i=l i=l 



i=l 

where {e^} is an orthonromal basis in V3. 

By the above, ^030 is harmonic, hence (|3.12p yields 



tr((Vo3o) w ) 2 = ^A^oso) 2 = l^V 4 = 9(n 2 + 2)r/ 2 , 



hence 



T 22 = tr((V>o3o) w - 3x n ly 2 ) 2 = 9(n 2 + 2)?? 2 + 9n 2 x 2 . 
Next, f VjCk = 3(ZNj + V2( T Rj)e k yields 



»2 



T 23 = 9^T \Nj£ + V2Rj(\ 2 = 9^T(£ T iW7£ + 2y/2fN i R j ( + 2( T R 2 (). 

3=1 3=1 
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From (1X201) NiN? = l Vl . On the other hand, \Hi = ^d n .A v ip 030 = 0, hence (l3?2l]) yields 
= A v (N H + N ri R v ) = Z]iiN j R j ,thus, 

ri2 

Finally, f^. = 3x (% + 3y/3Q^ + 3\/2R v yields 

T 33 = 9n 3 xl + 18\/3trQ ? + 18\/2tr + 27trQ 2 + 18\/6tr + 18 tr R%. 
From ([3T2TD 

n 3 £ 2 = tr(P ? T P € + Q|) tr P ? P ? T + tr Q\ = n 2 f + tr Q 2 , 

hence trQ 2 = (713 — n 2 )£ 2 = 2(ni — 1)£ 2 . Similarly, the harmonicity of V>030 yields from (j3.4|) 
tr i?j = tr Qj = 0, hence taking the trace in (|3.25p 

= 2 tr N^N V - 2 tr i? 2 + t/ 2 tr ly 3 = (2m + ng)^ 2 - 2 tr R\ , 

which yields 

I33 = 9n 3 xg + 54(m - 1)C 2 + 18^6 tr + 9(4n x + n 2 - 2)t/ 2 . 
Summing up the found relations, we obtain 

3 n 2 

J2 Tij =18(3m + n 2 + l)(x 2 + £ 2 + r? 2 ) + 18( 2 + 18C T (E N J N j)( 

i,j=0 j=l 
nj n 2 

+ 54C T Q 2 )C + 36 £ C T i? 2 C + 18^6 tr Q^. 
i=l j=i 

Applying the £-Laplacian to (|3.19p and the ^-Laplacian to (|3.22p . and taking into account that 
tr Qi = tr Rj = 0, we find respectively 

n 2 ni n 2 m 

c T (E ^ + E tfx = -ic 2 , c T (E R ) + E x = ^c 2 , 

j = l i=l i=l i=l 

which yields 

n 2 m n 2 

18C T (E N J N M + 54 C T (E QiK + 36 E C T ^ 2 C = 18(ni + n 3 + 2)C 2 . 

j = l 8=1 j = l 

Thus, 

3 

E Tij = 18(3m + n 2 + l)(x 2 + C 2 + r/ 2 + C 2 ) + 18\/6trQ^. 

In order to prove (|5.1ip it remains to show only that tr Q^R^ = 0, or equivalently that tr QiRj = 
for all To this end, let us fix an index i, 1 < i < ri\. Then (|3.27p yields = £ 2 Q§, hence 
Qi = Qi- This means that Qi has three eigenvalues: ±1 and 0. Let W± and Wq denote the 
corresponding eigenspaces and let Q = (w + ,W-,wo) be the vector decomposition corresponding 
to the decomposition £ 6 V 3 = W+ © W_ © W . Then ([3722]) yields 

ni n 2 

E (c T ^o 2 + E(c T ^<) 2 = c 4 - K - ^-) 2 = ^ 2 + + w 2 ) + < 

k=l,kyt=i j=l 

implying that Rj has the following block structure: 

0w+ * * 
Rj = I * Ow- * 

* * Mj 
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where Mj is a symmetric endomorphism of Wq with tiMj = tr Rj = 0. We have 

(0\y + * * 
* o w _ * 
* -\Mj 

which yields that tvQiRj = — ^tvMj = 0. This finishes the proof of the theorem. □ 

5.3. Completion of the proof of Theorem [3] and Theorem [4j Now we are able to 
finish the proof of Theorem [H The following two corollaries establish the implications (c)=^(a) 
and (b)=>(a) in Theorem U respectively. Furthermore, Corollary 15.31 also establishes the 'only-if 
part in Theorem [3j 

Corollary 5.2. If a radial eigencubic f possess the quadratic trace identity and n 2 £ {0, 5, 8, 14, 26} 
then f is exceptional. 

Proof. We argue by contradiction and assume that there is an eigencubic / of Clifford type 
satisfying the quadratic trace identity. Then o~2(f) has a single eigenvalue, and it follows from 
Proposition 15.11 that for the associated to / Clifford system A the equality m = q + 1 holds. But 
in that case (|5.7p yields ri2 = m + 1 — q = 2, a contradiction. 

□ 

Corollary 5.3. Let f be a radial eigencubic in the normal form ( \3.7\) . //Vtoo is either identically 
zero or irreducible then f is an exceptional eigencubic. Equivalently, if f is a radial eigencubic of 
Clifford type then V'oao ^ and reducible. 

Proof. If ^030 = then in view of f|3. 12j) we have n 2 = 0, hence by Proposition 13.41 / 
is exceptional. If ^030 ^ and irreducible then by the Eiconal Cubic Theorem, n-i = 3£ + 2, 
t = 1,2,4,8, and A^o30 = 0, in particular Proposition 15.21 yields that / possess the quadratic 
trace identity. If n ^ 3m, m £ {1,2,4,8} then by Corollary 15.21 / is exceptional. Now suppose 
that n = 3k, where k G {1, 2,4, 8}, and assume that / is an eigencubic of Clifford type. Then we 
have from (pTZj) that m = k-2£-l and ([544]) yields 

trHess 2 (/) = --(3m + n 2 + 1) Xx 2 = (£ - k) Ax 2 , 

hence 

a 2 (f) = -jtiRe SS 2 (f) = (k-£)x 2 . 

By our assumption, / an eigencubic is of Clifford type, say, given by (|1.9p . Then, n = 2m + q + 1, 
where by Proposition 15. 1\ q = n\ = k — 2£— 1, hence n = 3k = 2{m — £) + k. We find k = m — £. 
On the other hand, arguing as in Corollary 15.2} we see that m = q + 1 = k — 2£, hence k = m + 2£. 
Since £ ^ we get a contradiction which proves that / is an exceptional radial eigencubic. □ 



6. Examples of exceptional eigencubics 

In section 11.31 we already discussed the Cartan isoparametric polynomials which are also 
exceptional radial eigencubics of types (£ + 1,0), £ = 1,2,4,8. Below we exhibit more examples 
of exceptional eigencubics. These examples cover all realizable types of exceptional eigencubics 
presented in Table Q] above. 
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6.1. Hsiang's trick. For our further purposes, we describe the Hsiang construction with 
minor modifications. Let ©'(/c,R) be the vector space of quadratic forms of k > 2 real variables 
with trace zero. We identify <3'(k,R) with the vector space of k x k real symmetric matrices 
of trace zero equipped with the scalar product (X,Y) = \tiXY, X,Y G (5'(k,R). Then the 
orthogonal group SO(k) acts naturally on <3'(fc,R) as substitutions, and £>'(&, R) is invariant 
with respect to the action. Consider an isometry i : M. N — > 0'(&,R), where N = k + 2 fc ~ 2 , and 
let r = i*(SO(k)) be the corresponding pullback of SO(k) into O(N). It is well-known that the 
coefficients of the characteristic polynomial 

det(X - Al) = \ k + b 2 {X)\ - b 3 (X) + ... + (-l) k b k (X), X G <S'(k,R), 

form a complete set of basic invariants with respect to the SO(k) action [GWj . Then the polyno- 
mial forms Pk(x) = i*bk G R[xi, . . . ,xn] are invariant under the action of the group T, and form 
a complete set of invariants: 

R[x u ...,x N f = R\p 2 ,...,p k ) (6.1) 

(as usually, R[xi, . . . , x/v] r denotes the subring of T- invariant polynomials). Hsiang proves that 
L is an invariant operator in the sense that for any element g G O(N), the operator L commutes 
with the linear substitution g: g*L = Lg* . Since T C O(N) and L is invariant, we have L{(3k) G 
. . . , xn] F , hence by (|6.ip 

i(A)eR[ft,..,A]. (6.2) 

We have b 2 (X) = ^((trX) 2 - tiX 2 ) = -±trX 2 , therefore 

fo = i*{b 2 ) = -x 2 . 

On the other hand, degL((3s) = 5, thus by (|6.2[) there are ci,c 2 G R such that 

L{/3 3 ) = ciftft + c 2 /3 5 - (6.3) 



Now suppose 3 < k < 4. Then /3 5 = 0, hence (|6.3p reads as follows: 

L(/3 3 ) = Cl x 2 /3 3 , (6.4) 

which is equivalent to that f3 3 is a radial eigenfunction in R^. This yields two (irreducible) 
eigencubics: in R 5 and in R 9 , for k = 3 and k = 4 respectively. The first example is easily 
identified with the Cartan isoparametric cubic 9± in R 5 , see (jl.lip above. Indeed, applying the 
same argument to the Laplacian and the length of the gradient which obviously are invariant 
operators, we find in view of deg A/3 3 = 1 and deg |V/3 3 | 2 = 4 that 

A/3 3 = 0, |V/3 3 | 2 = c 3 /3 2 + C4 /34, (6.5) 

and in view of k = 3 we have (3^ = 0, so that (|6.5p becomes equivalent to the Miinzner-Cartan 
differential equations (jl.lOp for 6\. This can also be done explicitly if one consider a map i : R 5 — > 
6'(3,R) given by 

/ x 4 - x 3 

x 3 -x 4 
\ x 2 x t 



X = i(x) 



1 

V2 



73 X5 



•7'2 
XI 



\ 



x G 



(6.6) 



73 X5 / 

Then (X,X) = ^tiX 2 = x 2 , hence i is indeed an isometry. Hence /3 3 = detX provides an 
explicit determinantal representation for 6\ (up to a constant factor). An important feature of 
the obtained determinantal representation (|6.6p is that (in view of tr X = 0) 



--HX :i 
3 



(6.7) 



In case k = 4, the quartic form /3 4 is no more trivial, hence 
radial eigencubic j3 3 in R 9 discovered by Hsiang in [HJ . In this case 



(3 3 = --(nxf + -tiXtrX 2 



1 



trX s 



1 



yields a non-homogeneous 



tvX' 



2<> 
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hence possess also a trace identity like (|6,7p . Up to a congruence, [3s coincides with the 
exceptional radial eigencubic of type (0, 5) constructed in Example 16.11 below. 

The above constructions can be repeated literally for the corresponding Hermitian analogues 
<3'(3,C) = R 8 and <3'(4,C) = R 15 with the special unitary group SU(3) acting on them. This 
yields respectively the Cartan isoparametric cubic 2 of type (3, 0) in R 8 and the Hsiang (non- 
homogeneous) exceptional eigencubic of type (0,8) in R 15 . For k = 3 it is still possible to obtain 
the quaternionic (non-commutative) and octonionic (non-associative) counterparts of the above 
constructions by using the maximal orbits of Sp{3) and F4 instead of SO (3) on the corresponding 
Hermitian matrices of trace zero. This yields the Cartan isoparametric eigencubics 9 4 and 9s, 
respectively. For k = 4, however, there is only the quaternionic counterpart in R 27 of type (0, 14) 
(some care is needed to appropriately interpret the trace of the corresponding matrix). 

6.2. The case n\ = 0. The following proposition shows that all types in Table[2]with ri\ = 
except for (0, 26) are realizable. 

Proposition 6.1. For n\ = 0, there exist only exceptional eigencubic of type (0,3^ + 2), where 
£ = 1,2,4. 

Proof. Let us suppose that / G -E-(0, ri2) is an exceptional eigencubic given in the normal 
form (|3.7p . Then 77,2 7^ 0, hence the condition ri2 = 31 + 2, I = 1, 2, 4, 8, yields 713 = n<i — 2 = 31, 
and the condition dim Vi = m = yields tp = ^012 + Vtoo- Let us consider 

x(v,0 = Vtoo - ^012 • 

Then from (|3.4p and = we see that x is harmonic. Furthermore, by virtue of (|3.1ip . 

HEED and H5J3H 

|V X | 2 = (V'oso)' - 2(^030)^012), + (^012)? + &<m) 2 c = \{rf + C 2 ) 2 , (6-8) 

hence v2x satisfies that Cartan-Miinzner equations (|1.10p . Since £ > 1, the Cartan theorem 
implies that the dimension dim V2 + dim V3 = 2n2 — 2 = 61 + 2 can take only values 5, 8, 14, 26. 
This implies £ G {1,2,4}. 

In the converse direction, let us assume that I G {1,2,4} and show how to construct an 
exceptional eigencubic of type (0, 3t + 2). To this end, we consider the division algebras l$2i and 
F^. Regarding F2^ as the Cayley-Dickson doubling of [BaJ, we write 

¥ 2e = ¥ e (B¥ e , (6.9) 

where the multiplication and conjugation on ¥ 2 i is given by 

(aeb)(c® d) = (ac- db) e (ad + cb), (a © b) = (a,-b). (6.10) 

Let 7i : —> ¥( denote the canonical projection on the ith component. By identifying F^ and 
Mr, we consider the induced projections 

7i : R 6£+2 = R 2 © © ¥ 2e © ¥ 2e -> R 3e+2 = R 2 © ¥ t © ¥ t © ¥ e . (6.11) 

Then it follows readily from the definition of the Cartan polynomials (jl.lip that $£ = 9 2 i 71 • 
Let x = {x\,x 2 ,Z\,z 2 , z 3 ) G R 2 © ¥ 2e © ¥ 2i © ¥ 2t > = R 6e+2 and let also z% — z^® Zj according to 
(|6.9|) . Then we denote 

V := (x lt x 2 , z[,z' 2 , 4) G R 3 ^+ 2 , C := (4, 4, 4) G (6-12) 

In this notation, 

02t(v, 0=4 + ^f i (2N 3 | 2 - \zi\ 2 - \z 2 \ 2 + 2x\) + ^-[x 2 (\ Zl \ 2 - \z 2 \ 2 ) + Rez lZ2 z 3 ], 

and 

9 e (ri) = 9 M (ri,0), (6.13) 
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where the real part is defined by (j!.12|) . We claim that 

F(v, C, x 3i+3 ) := 4+3 + ^(C 2 - r] 2 )x 3e+3 + -^(M^, - 20 2e ( V , 0)). (6.14) 

is the required exceptional eigencubic of type (0, 3£ + 2) in IR 3 ^ +3 . First we observe that the above 
expression is written in the norm form, where eft = §(C 2 ~ V 2 ) an d V* = ^iiS^)z|^giIZZ^) _ Setting 

r/ G V% = IR 3 ^ +2 and £ G ^3 = IK. 3 ^, we determine the decomposition of ip into the corresponding 
homogeneous parts rf ® £ 3_ \ To this end, we denote ip = -0030 + ^012, where 

^030 = —^faiv, 0)> ^012 := C) - M^, 0)), (6.15) 

and notice that V>030 G V ® f? <8> ?? by the definition and also ■0oi2 £ ?7 <8> C ® C- Indeed, to verify the 
latter identity, we write 

/ ^" Cl Ail "|2 I lt\2 I //|2\ , 3\/3 r //|2 , //,2\ t-,-1 

V>012 = — (2)^3 1 — 1 ) + ^-F2(kl| -1^1)+-°] 

where D = Re .zi 22-23 ~~ Re z \^2 z 'z- Observe that the multiplication of z[ G is associative for 
£ < 4, and that in view of (f6"7TUj) 

Re(0e6) = 0, 6GF^. (6.16) 

Then (fOOl) yields 

T> f t sr* " \ ( t rr* " \ ( > sts » \ T) ( I > I II -II I II -II -I II -II I \ 

Refo z x ) ■ (z 2 z 2 ) • (z 3 z 3 )Re(z 1 z 2 "Z3 - z 2 z 1 z 3 - z 3 z x z 2 - z 3 z 2 z 1 ), 

thus 

D = - Re(4z'{z' 3 + 44z' 2 + G r, ® C 2 , 

which, in vie of (j6. 12j) . yields ^012 G ?7 <8> C 2 - 

In order to show that F is an eigencubic, we need by Proposition 13.11 to verify that (j) and 
ip satisfy equations (|3.5|) and (|3.6|) . The former equation is equivalent to the system in Proposi- 
tion [321 where equations (|3.8|H|3.1U|) . (|3.13|) are trivial because m = 0, equation (|3.1'2|) is satisfied 
by our choice of V'oso i n (16.15|) : 

q 

and equations (|3.11[) and (|3.14p have the following form: 

6(Voi 2 ) 2 =27C 4 , (6.18) 

and 

2(^03o)J(^oi2) 7? - W012) 2 = -9 CV , (6-19) 
respectively. But these equations follows immediately by collecting the terms by homogeneity in 
the identity 

\{rf + C 2 ) 2 = (^oi 2 ) 2 - 2(^012)^030),, + (V>03o) 2 + (^oi 2 ) 2 , 

which is obtained from |V02f(?7, C)| 2 = 9(r? 2 + C 2 ) 2 > where 92e(r), Q = V / 2(V ; oi2 — V'oso) by virtue of 
(I6TT5]1 . 

Thus, it remains only to verify (|3.6p . To this end, we note that by (|6.19p . (|6.18p and (|6.17p 

|W>| 2 = (V>012) 2 + (^012) 2 + 2(V>012^ (V>03o)r, + (V>030) 2 

= l(v 2 + C 2 ) 2 + 4(^12)^(^030)^ 

hence 

VV • V(|VVf ) = 54^(r/ 2 + C 2 ) + 4^(^012)^(^030)^ + 4^(^030)^(^012)^ 

= 54ip(r} 2 + C 2 ) + 4(^012)^(^012)^(^030)77 + 4(^012 + ^030)^ (^030)^ (^012)^ 



(Vte)) 2 = o|V^(77)| = ^\ (6-17) 
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We have by iU9l and ffUTD 

4(^012)^(^012)^ (^030)»;2((V'012)c)^( ? / ; 030)r ? 

= 2(2(^030)^(^012)^ + 9CV)^ (V>03o),? 
= 4(^012)^ (-0030 )rm (^030)7? + 108C 2 ^030 
= 2(Voi2)^((V>03o)')„ + IO8CV030 
= 3677 2 Voi2 + 108C 2 V>030 

and similarly 

4(V>03o),{ (^030)7777(^012)7? = 36/7 2 V>oi2- 
We also have by (gjg) and ([6TT8]) 

4(^012)^ (^030) W (^012)7) = 4((V'012)r|(^030)r ? )^ (^Ors)?? 

= 2(-9CV + Woi2©^ (^012)7, 
= -36C 2 ^oi2 + 4(^012)^(^012)^(^012),? 
= -36C 2 Voi2 + 2(Voi 2 )c ((^oi 2 ) 2 ) c 
= 36C 2 ^oi2 

Combining the found identities we obtain 

= • V(|VVf) = 27^ + 36v7 2 ^ i2 + 54C 2 Vo30 + I8CV012 
= 27^030 (r? 2 + 3C 2 ) + 9^030 (7r/ 2 + 5( 2 ) 

Furthermore, 

2<t><g^ = 9(C 2 - r? 2 )(C T ^C " V>t?)9(C 2 - V 2 )(^i2 ~ 3^030), 
which finally yields 

20^ s + tpjtpss^x = 54(r/ 2 + C 2 )V> 

and proves (|3,6p . Thus, F is indeed a radial eigencubic. From (I6.14p we see that {n\,ri2) = 
(0,3£ + 2). On the other hand, by our construction, A-^030 = ^^iiv) = 0, hence Corollary 15,31 
yields that F is exceptional. The proposition is proved completely. □ 

Example 6.1. Let us consider the following cubic polynomial in R 9 given by 

3 / x\ x 2 x 3 \ 

f{x) := Re JJ(x 3s _ 2 i + ^-ij + ^3sk) = det x A x 5 x 6 , 
8=1 \ x 7 x 8 x 9 J 

where i, j, k is the standard basis elements in quaternion algebra M = ¥4. Then it is straightforward 
to see that / satisfies f j 1 . 4 1) with A = — 2. Observe also that / satisfies the quadratic trace identity 

9 

<r 2 (/) = 2j>?, (6.20) 



i=i 



hence, by Corollary I5.2| / is an exceptional eigencubic. From (|5.1ip and ()6.20p . 3ni + n 2 + 1 = 6 
and in virtue of ()3.2p 9 = n = 3ni + 2n 2 — 1, hence n\ = and n 2 = 5. Thus / is an exceptional 
eigencubic of type (0, 5). It was already mentioned in section IBTTl that / is congruent to the Hsiang 
example in M 9 mentioned in [H] , 
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6.3. The case m = 1. 

Proposition 6.2. If ri\ = 1 then there are exactly four (congruence classes of) exceptional 
eigencubics of types E(l, 3£ + 2), £ = 1, 2, 4, 8. Any such a cubic is congruent to 

3 1 
/(*) = [hi+3 ~ 2* 3 ^+ 3 (*i + • ■ ■ ^+2) + T/l^ 1 ' • • • ' ^+2)] c , t e R + , 

w/iere 

[g]c(x, 2/) := g (9{x + iy) + s(x - iy)) t x, y e K 3£+3 
zs t/ie complex doubling of a polynomial g. 

Proof. We assume that / is given in the normal form (|3.7|) . By the assumption dimVi = 1, 
hence n% = ni- Since / is exceptional, we also have n% = 3£ + 2, where £ = 1, 2, 4, 8, see Table [21 
Furthermore, by identifying the coefficient of in the first identity in (|3.27|) one finds 

P^P 1 + Ql = l Vs , P 1 P 1 T = 1 V2 , 

which yields trQf = ^3 — ri2 = 0, hence Qi = 0. Thus -0102 = 0. 

In the notation of section [31 ipm = 3^iN v (^, where N, 1 < i < 3£ + 2, are matrices of size 
1 x (3£ + 2). By (|3.19)) and (|3.20|) we see that {Nj . . . , Nj e+2 \ forms an orthonormal basis in 
V3 = IR 3£+2 . Using the freedom to choose the orthonormal basis elements, we can ensure that 
N^ = ej, where {e^} is the standard orthonormal basis in IR 3£+2 . This yields 

N v = Nj Vl + ...+ Nj 2 r] n2 =7] T , r]£V 2 , 

hence ipm = 3£ir/ T £ and we have for the normal form 

/ = xl - 3^x 2 n + ^(C 2 - r, 2 )x n + 3£iV T ( + V>030 + V>oi2 (6.21) 
Moreover, in this notation (|3.24p reads as 

H T = -r? T P„ (6.22) 

where H(rj) = -^V^V'03o( r ?) an d ^012 = ^2^Q T RqC- This yields 

V2 

and 

rj T Rjei + ej R v ei = rj J Rtej + ejR v ej. 
By virtue of symmetricity of matrix R^, 

-APm r i ~ d ^rj) = V 1 {Riej ~ Rjei) = 0, (6.23) 

where rj = 77 T Rif]. The latter relation yields that there exists a homogeneous cubic polynomial 
r = r(rf) such that rj = d^r. By the homogeneity of r and ()6.22[) we have 



i=l i=l 

This yields, in particular, 



^030 = --^r? T Pr,r/. (6.24) 

By choosing an orthonormal basis in V2 = M. 3i+2 we may ensure (in view of the Eiconal Cubic 
Theorem and (|3.1ip ) that V ; 03o( 7 ?) = "^^M 7 ?)) where 6^(rj) is the Cartan polynomial (jl.lip . Then 

(|6.24p becomes r/ T R^rj = —0^{r]). Setting r\ by rj ± i£ in the latter identity, where i 2 = —1, and 
summing we get 

hefa + iC) + 9 t ( v - iO) = -v T R v v + K T R^ + CXC- 
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From (|6.23p . £ T RiCj = ( T Rjei, hence £ T R v ( = C, T R^rj, and the above relation yields 

i(0/fa + K) + 9 t (ri - iC)) = v^Voso + X T Rrj( = V^oso + ^012). (6.25) 

Now let us define a new cubic polynomial 

3 1 

9{t) '■= hi+Z ~ 2^ 3<?+3 ^ 1 + " ' ^£+2) + T/l^^ 1 ' • • • ' *3£+2)- 

Then, setting t± = (771 ± fji, • • • , V31+2 ± C3£+2i, x„, ± £i), one easily finds that by virtue of (|6.25|) 
and (pHTT) that 

[ak = \(g(t-) + g(t+)) 

= xl- 3^(4 - + ^(C 2 - ^)xn + ^(Hv + K) + Hv - iC)) 
= /, 

which yields the required representation and proves the proposition. □ 

6.4. An exceptional eigencubic of type (4, 5) in R . Now we exhibit an example of an 
exceptional eigencubic of type E(4, 5) in R 21 . Let oq = 1, o%, . . . , 07 be a basis for the octonion al- 
gebra, F§ = O. The multiplication table is given by Oj-Oj+i = Oj+3, where the indices are permuted 
cyclically and translated modulo 7, see for instance |Ba]. For any vector u = {u\, . . . , uj) S R 7 
we denote by o u the imaginary octonion o u = u\o\ + . . . + U7O7. Let us consider the cubic form 

/ = /f 8 = Reo u (o v o w ), x = (u, v, w) 6 R 21 , (6.26) 

where u = (x\, . . . , xj), v = (xs, ■ ■ ■ , xu), w = (X15, . . . , X21). We shall need the following known 
properties of the real part (see, for instance, Corollary 15.12 in [Adj ) : for any three octonions 

a,0,y € F 8 

Re a(3 = Re /3a, (6.27) 
Re(a/3)7 = Re a(p-y), (6.28) 
Re(a/?)7 = Re(/?7)a. (6.29) 
Since Re a = Re a, where a denotes the conjugate octonion, we have for imaginary octonions 



Reo u (o v o w ) = Reo u (o v o w )) = Re(o v o w )o u = - Re(o w o v )o u = - Re(o w o v )o u . 
This yields by virtue of (16391) and (IfHHD 

Reo u (o v o w ) = -Reo u (o w o v ), (6.30) 
i.e. the cubic form / is an alternating function in the three variables. 

Proposition 6.3. The cubic form f = Reo u (o v o w ) is an exceptional eigencubic in R 21 of class 
£(4,5). 

Proof. Since / is a trilinear form in u,v,w, it is harmonic. We have 

7 7 7 

~L(f) = 2( 'y * fuifvj fuiVj + y ] fuifw k fuiW k + fvjfw k fvjW k )- 
i,j=l i,k=l j,k=l 

By symmetry, it suffices to find the first sum. We have 
7 7 
^ fujvjfmvj = ^ Reoi(o v o w ) Reoi(ojO w ) Reo u (ojO w ). 

i,j=l i,j=l 

Notice that for a, /3 G F§ 

7 7 

Reoja Reoj/3 = aj/3j = Re a/3 — Re a Re/3, (6.31) 

tj=l i,j=l 
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Hence 

7 7 

^ fmfvjfuiVj ^ [Re ( (o v o w ) (oj o w ) ) - Reo„o„, ReojO„,] Reo M (ojO w ) = Si - S 2 
ij=l j=l 

We have 

7 7 

51 = '^2Re((o v o w )(o w Oj)) Reo u (ojO w )'^2Reo v (o w (o w Oj)) Reo u (ojO w ) 

3=1 3=1 

Since the octonions are alternative, that is, products involving no more than 2 independent 
octonions do associate, we find 

Reo v (o w (o w Oj)) = Reo v ((o w o w )oj) = -Reo v ((o w o w )oj) = -w 2 Reo v Oj, 

where o w o w = \w\ 2 = w 2 is the norm of the vector w. By ()6.27f) . Reo v Oj = Reo„Oj and by ()6.28p . 
Reo u (ojO w ) = Reoj(o w o u ), so applying (|6.31|) and (|6.3U|) we obtain 

7 

Si = —w 2 ' s ^ReojO v Reoj(o w o u ) = — w 2 Reo v (o w o u ) 

3=1 

= -w 2 Re o v (o u o w ) = w 2 Reo v (o w o u ) = w 2 Re o u (o v o w ) 
= w 2 f. 

Similarly we obtain 

7 7 

52 = ^^Reo^Oy, Reo^Oj Re o u (ojQw) Re o v Ow ReojO^, Reoj(o w o u ) 

3=1 3=1 



= Re o v o w Reo w (o w o u ) = 

because Reo w (o w o u ) = Reo w o u o w = —w 2 Reo u = 0. 

Combining the found identities together, we get 

L(f) = -2(u 2 + v 2 + w 2 )f = -2x 2 f, 

hence / is a radial eigencubic with A(/) = —2. Let us verify that / is indeed an exceptional 
eigencubic. We have 

777 
trHess 2 / = 2( £ f UiV . + £ f 2 iWk + £ f 2 jWk ), 

i,j=l i,k=l j,k=l 

where 

77 7 
^ fu^ = ^2 Re °i(°j°w) Reoi(ojO w ) = y^ j (Re(o j o w )(o-Q^) - Reojo w ReojO^) 

i,j=l i,j=l j=l 

7 

= ^(Re(ojO U) )(o w o J ) - w]) = Qw 2 . 
3=1 

Thus, 

tr(Hess/) 2 = 12x 2 . (6.32) 

By Corollary 15.21 / is an exceptional eigencubic. In view of Table [2] and Proposition 17.41 
we have the only possibility: n\ = 4. In order to see this also directly, we observe that by 
virtue of A(/) = -2 and (1Q21 . a 2 (f) = 6x 2 , so that (IrTTil yields 3ni + n 2 + 1 = 18. Since 
21 = n = 3ni + 2n 2 — 1, we find n\ = 4 and n 2 = 5, as required. 

□ 
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6.5. Some remarks. The four Cartan isoparametric eigencubics 9g are well-known and ap- 
pear in various mathematical contexts. We mention only a recent interest in 9t in special Rie- 
mannian geometries satisfying the nearly integrabilty condition |Nuj . |GN| . explicit solutions to 
the Ginzburg-Landau system |Faj . |GXj . the harmonic analysis of cubic isoparametric minimal 
hypersurfaces [Solj, [So2]. 

We would like to mention that the octonionic trilinear form discussed in section 16.41 and its 
quaternionic analogue occur also in calibrated geometries (as an associative calibration on ImO) 
[HLJ and in constructing of singular solutions of Hessian fully nonlinear elliptic equations [NV1 , 
[NV2] . 



7. Radial eigencubics and isoparametric quartics 

7.1. The degenerate form. By Proposition 13.41 any radial eigencubic having property 
7i2 = is exactly on of the four Cartan's isoparametric eigencubics 9g. In this section we study non- 
isoparametric eigencubics, i.e. those with 712 7^ 0. An advantage of working with the degenerate 
form is that it is more symmetric and can easily be converted into a purely matrix representation. 
Another important aspect of the degenerate form is that it establishes a correspondence between 
eigencubics and isoparametric eigencubics which will be studied in the next section. 

Proposition 7.1. Any non-isoparametric radial eigencubic f in M. n , normalized by A(/) = —8, 
in some orthogonal coordinates has the form 

f = (u 2 - v 2 )x n + a(u, w) + b(y, w) + c(u, y, w), (7.1) 

where u = (x\, . . . , x m ), v = (x m+ i, . . . , X2 m ), w = {x2m+i, ■ ■ ■ , Xn-i), o,nd the cubic forms a E 
u ® w 2 , b S v (8> w 2 , c £ u ® v ® w satisfy the system 



A w a = A w b = 0, 






(7.2) 


2 l2 

a u = b v , 






(7.3) 


O'w^w — b w c w — 0, 






(7.4) 


c 2 v + 2a 2 w = Au 2 w 2 , 






(7.5) 


c 2 u + 2b 2 w = 4v 2 w 2 , 






(7.6) 


Cu Q"uw bw — Cy byw 0"uj — 


0, 




(7.7) 


O^u C-uvbv — 0. 






(7.8) 


^c w c wu a u -\- 2a, w b ww b w 


-f- b w CL ww b w 


= 12av 2 , 


(7.9) 


2c w c wv b v -\- 2b w a W yjCLyj 


+ CL w b ww a w 


= 12bu 2 , 


(7.10) 



Conversely, any cubic polynomial FL 1\ ) satisfying the above system is a non-isoparametric 
eigencubic. 

Proof. First notice that in some orthogonal coordinates / is linear with respect to some 
coordinate function. Indeed, let (|3.7p be the normal form of /. Then by our assumption V2 7^ 
and by f|3. 12|) (V"03o)^ = § V^i hence by writing ^030 m the normal form 

\J~2 

V>030 = -YVX +Vl<t>(v) +tp(jj), V = (%,••• ,Vn 2 ), 

we get from (|3.7p that 



/ = xl + 4>X n + ^030 + Iplll + ^102 + 1p012(x n + r]l^)( x n ~ ^=) 2 + F(x), (7.11) 

where F is a linear form in the variables 771 and x n . Then applying rotation u = Xn+ jp^ ; 
v = Xn ^^ ni m the (771, x n )-plane we conclude that / becomes linear in u in the new coordinates. 
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Thus, we may assume without loss of generality that / 

f = x n $(x) + W(x), x = (si,...,x„_i). (7.12) 

Moreover, we shall assume that / is normalized by A(/) = —8. Then using (j7. 12[) we obtain from 
(|1.4p by identifying the coefficients of x\ 

*J*«8* 5 = 8$, (7.13) 

2$J$^ S + = 8*, (7.14) 

2$ + 2$T*_-*- + = 8x 2 $, (7.15) 

2$$I# s + *J# ss * a = 8z 2 *. (7.16) 

Since / is harmonic, we also have 

AS(z) = Mlix) = 0. (7.17) 

By virtue of (|7.13p we see that that the eigenvalues of $ are ±1 and 0, and by (|7.17p the mul- 
tiplicities of ±1 are equal. Denote by U © V © W the associated with $ eigen decomposition of 
W 1 © span(e n ), and let x = u © v © to denote the corresponding decomposition of a typical vector 
u £ V. Then & = u 2 — v 2 , and 



^ = ^^ 9 , ^ G u qi ®v q2 ®u> 93 , 



where 9 = (91,92,93) and 9i > 0, 91 + 92 + 93 = 3. Applying the explicit form of $, we obtain 
from QTJH) 

^((9i-92) 2 + 9i + 92-2) * q = 
q 

and since the non-zero components ^ q are linearly independent their coefficients must be zero. 
This yields 

# = ^102 + ^012 + *lll = a + b + c. (7.18) 

Since A 5 c = and a and b are linear in u and u respectively, (|7.2|) follows from (|7.17p . Further- 
more, (f7TT5|) is equivalent to (fT5 ]> -(fTS ]> . Indeed, we have from (f7TT8|) . = (a u + c M ) 2 + (6„ + 
c«) 2 + (a w + b w + c w ) 2 . By Euler's homogeneity theorem, one readily finds that 

= 2(6jc„ - alcu + c 2 - c 2 + (a w - 6„,) T c„, + a 2 w - b 2 J. (7.19) 

By using the explicit form of <3? we rewrite (|7.15p as 

*I*3S!** + " = 4(n 2 - t; 2 )^ 2 , 

so applying ()7.19p we obtain 

c 2 + 2a 2 - c 2 - 26^ + 2alc w - 2bJ u c w + a 2 - 6 2 = 4(u 2 - v 2 )u; 2 . 

Identifying the terms by homogeneity shows that (|7. 15|) is equivalent to (|7.3p - (|7.6p . 

We proceed similarly with (|7.16p . Since the Hessian matrices ^> uu and *& vv are identically zero 
and 2$ $ = 4(u 2 - v 2 )(a - b), ([77T6]) becomes 

= 4a(u 2 + 3u 2 + 2w 2 ) + 46(3u 2 + u 2 + 2w 2 ) + 8c{u 2 + v 2 + w 2 ). 
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By using (|7,18p and identifying the terms by homogeneity, we obtain 

a T a c uv b v = 0, (7.20) 

2c^c uv c v + (a 2 u + bDZcw + 2(alcu)w a w + 2(b^ c v )^b w = 8cw 2 , (7.21) 

(alb w )lc w = 0, (7.22) 

Cw&wwCw — 0? (7.23) 

(alc u ) w b w = 0, (7.24) 

(c 2 v +a 2 w )lc w = 8cu 2 , (7.25) 

(2c 2 v + al)la w = 8au 2 , (7.26) 

2alc uv c v + (al + bl)^a w = 8aw 2 , (7.27) 

2(ci w c w ) u c u + 2c UI c um ci u -|- 2a w b ww b w + b w CL ww b w — 12ow , (7.28) 

and additionally six equations obtained from (|7.23|) - (|7.28p by permutation (u,a) o (v,b). Then 
identities (1723]) . (17251) . (17271) . (T72TD . (17221 as well as their permutations are corollaries of (1711) - 
(173]) . Indeed, (17221 and ([723D easily follows from ([73)1 . Using the first identity in ([751) . 

(c£ + O^c™ = (iu 2 w 2 - a^^Cw = 8u 2 c - 2a w c ww c w = 8cu 2 , 

so that ([73D and J75J) implies ([725)) . Similarly, 

2tt w Cuv^V — Q u {c>ij)u — & u (4z/ W 2(l w ^ u — 8&W 4:CL u (l uw Q, w , 

and by virtue of (|7.3p we have (o^ + 6^)^a«, = 2(a^)^a„, = &a^a uw a w . Thus, (|7.27p is a corollary 
of (J7J3) and (J7J3J). Finally, by virtue of {£2} and fl7J5J 

and after permutation (u, a) (v, 6) 

C u C UV C V + (&{,)u;C«i> ~l~ 2(6^ c v ^) w b w — 4cu7 . 

Summing these identities yields (j7.2ip . Next, ()7.20p is equivalent to (|7.8p and ()7.9p is equivalent 
to ([728)) modulo ([71)) . Finally, ([77)1 is equivalent to ([721)) modulo ([71)) . For instance, 

— (<2"u c u ) w b w — a u c uw b w -\- c u a uw b w — a u (c u b w ^) u + c u a uw b w — c u duw^w 
The proposition is proved completely. □ 

7.2. A matrix representation of the degenerate form. Now we are going to explain 
how to extract the type of a non-isoparametric eigencubic from its degenerate representation (J7TJ . 
To this end we convert (|7.1|) into the matrix form 

/ = (u 2 - v 2 )x n + -^-=vo T A u w + -^=w T B v w + 2v T M u w. (7.29) 
v2 v 2 

where 

a = —=w T A u w, b = —w T B v w, c = 2v T M u w = 2u T N v w. (7.30) 
V 2 v 2 

Here = X^li Wjj4i etc., and ^4j, .Bj are symmetric matrices of size r x r, r = n — 1 — 2m, and 
matrices Mi,Ni are of size m x r, 1 < i < m. Then ()7.2p ~ (j7.6p readily yield 

m m 

Y,(w T A iW ) 2 = Y,(™ T B t w) 2 , (7.31) 

i=l i=l 

trA u = trB v = 0, (7.32) 

4 = u 2 A u , Bl = v 2 B v , (7.33) 

tr A 2 U B V = tr A U B 2 = 0, (7.34) 

A* + MlM u = l m , fi2 + jyTj^ = (7>35) 

A u Mj = B v Nj = 0. (7.36) 
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Definition. The representations (|7.ip and (|7.29p are called the degenerate forms of the corre- 
sponding radial (non- isoparametric) eigencubic /. 

Proposition 7.2. In the above notation, there exist nonnegative integers p andq such that 2p+q = 
r and for any u, v 6 M m , «,« / 0, for any i, 1 < % < m, the spectrum of any of the matrices 
t^jA u , T7jB v , A{ and B{ is {±1,0}, where each eigenvalue 1 and — 1 has multiplicity p, and the 
eigenvalue has multiplicity q. 

Proof. We may assume that m > 1, otherwise the statement of the proposition is trivial. 
The assumption A\ = u 2 A u implies that for any u ^ 0, the eigenvalues of A u are db|it| and 0. 
Denote by p^{u) and q(u) the multiplicities of ±|u| and respectively. By virtue of (|7.32j) .tr A u = 
p + (u) — p~(u) = 0. On the other hand,tr^ = p + (u) +p~{u). The continuous functions p + (u) 
and p~(u) are integer- valued, thus they are identically constant. Denote by p the common value 
of p (u). Then q(u) = r — 2p = q also is a constant. Since each matrix Ai is the specialization of 
A u when u is the coordinate vector e^, we conclude that the spectrum of Ai is the same as that 
of Au. 

Similarly, one defines p' and q' for A?B V , v ^ 0. To see that p = p' and q = q', we apply an 

iterated Laplacian to (|7.5p . We find by virtue of harmonicity of c and (|7.5p . AyC 2 = 8w 2 u 2 — 4a^, 
hence in view of r = 2p + q 

A w A v c 2 = 16(2p + q)u 2 - 8 tr a 2 ww = 16qu 2 . (7.37) 

Applying the n-Laplacian to (|7.37p we get 

A M A w A„c 2 = 32mq. 

Arguing similarly one finds A^A^A^c 2 = 32mq' which yields^ = q' . Since 2p + q = 2p' + q' we 
also have p = p 1 . The proposition is proved. □ 

Definition. Given a degenerate form of a radial (non-isoparametric) eigencubic, we associate by 
virtue of Proposition 17.21 a triple of integers (m,p, q) called the signature of the degenerate form. 

Observe that the type of the degenerate form is determined by virtue of the following formulas 
which are the corollary of the above definitions: 

trA 2 u = 2pu 2 , tiB 2 = 2pv 2 . (7.38) 
tr MjM u = ^tr c wv c vw = qu 2 , tr Nj N v = ^ tr c wu c uw = qv 2 . (7.39) 

The connection between the signature of the degenerate form and the type of an arbitrary 
non-isoparametric radial eigencubic is given in the following 

Proposition 7.3. Let f be a non-isoparametric eigencubic of type (ni,ri2) which has the degen- 
erate form of signature (m,p,q). Then 

m = q, n2 = m + p-\-l — q, n% = m + p — 1 + q. (7.40) 

Proof. We only show that n\ = q because the remaining two identities in ()7.40p readily 
follow from (|3.2p and n = 2m + 2p + q + 1. To this end, we assume that / is given by (|7.ip so that 

Hess(/) ( { XnXn f f" s ) = ( ° ^ S J T , T ) , 

V ' V fxx J \ $x X n ^>sx + ^xx J 

so that 

tr Hess 3 (/) = x 3 n tr + 3x 2 tr + 3x n (tr <l'. r ,.vl'; r + tr $J$^$ 5 ) + . . . 

where the dots stands for the terms which contain no x n . Comparing this with (|5.12p and (|7,ip 
yields by virtue of A(/) = —8 the tautological identities tr^l^ = tr^l^^^ = and additionally 

tr + t r ^l^xx^x = 8(ni - l)(v 2 - u 2 ). (7.41) 
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In view of $ = u 2 — v 2 , we find tr^^xx^s = 8(v 2 — u 2 ). Furthermore, 

tra wu a uw = ]^A w a 2 u = by CZ2])^A„,6 2 = trb wv b vw , 
tr a wu c uw — tr b wv c vw — by (|7.4p — 0, 




— 2 (tr c wu c uw tr c wv c vw ) — &q(u v ). 



Substituting the found relations into (|7.41j) yields n\ = q. 



□ 



In the converse direction, the the signature of the degenerate form of a radial eigencubic is 
not well determined in general by its type. However, it is well determined, in the most important 
for us case of exceptional eigencubics. 

Corollary 7.1. Let f be an exceptional eigencubic of type (711,722), ri2 7^ 0. Then 112 = 31 + 2, 
t E {1,2,3,4} and the signature of the degenerate form of f is determined by the formula 



Proof. The first statement follows immediately from Proposition 14.21 and the inequality 
?i2 7^ for non- isoparametric eigencubics. Next, we assume that / is given by (|7.29p . Then 

trHess 2 (/) = %mx 2 n + ... 

where the dots stands for the terms with degree of x n lower than 2. By Proposition l7.1| A(/) = —8, 
hence (foTTT]) together with n 2 = 31 + 2 yield m = m+£ + l. Applying (fTTlO]) we get ([7^5|> . □ 

7.3. Proof of Theorem [5], First note a simple corollary of (|1,17D : 



(m,p,q) = (£ + n% + l,2£,m). 



(7.42) 



h € Isop(mi,77t2) 44> — /t € Isop(m2,mi). 
Let us define two auxiliary polynomials 



(7.43) 



ho(t)= C f , Ut) = \(u 2 - v 2 ) 2 + C f , 



which are quartic polynomials in the variable t = (u,v) £ M. 2m . From (|7,6|) we obtain 







where the last equality is by (|7.4p . Thus, 



V^ | 2 = -:(\V u \c w \ 2 \ 2 + \V u \c w \ 2 \ 2 ) = — (u 2 + v 2 )c 2 w = Au 2 h 



(7.44) 



Since A w c 2 = 2c 2 u , we obtain from (|7.37p 

A t h = A u h + A v h = -(A w A u c 2 + A w A v c 2 ) = 2qt 2 . 
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This implies that ho satisfies the Cartan-Miinzner equations: 

\V u h \ 2 = 16i 6 , A u h = 8(m + 1 - 2q)t 2 , 
and comparison the latter relation with (|1.17p and (|1.18p yields the first claimed inclusion. 

Now consider h\. Define h\ = /jq + \{u 2 — v 2 ) 2 , so that 

jV/iil 2 = \Vh \ 2 + 2(u 2 - v 2 )((V u h , u) - (V v h , v)) + (u 2 - v 2 ) 2 t 2 . 
Since c6«®!)®wwe find 

(V u ho,u) = ^c^c wu u = -c^Cw = 2h , 

which, in particular, implies (V u ho,u) = (V v ho,v). Thus, by ([7.44 1) 

| V^il 2 = \Vh \ 2 + (u 2 - v 2 ft 2 = 4t 2 h + (u 2 - v 2 ) 2 t 2 = 4M 2 . 
Now it is easy to see that 

\SJ t hi\ 2 = 16£ 6 , Atht = 8(m + 1 - 2q)t 2 , 
which yields the second claimed inclusion. Thus the theorem is proved. 

7.4. The non-existence results. First combining Corollary 17.11 with Theorem Owe obtain 
the following 

Corollary 7.2. To any exceptional eigencubic f of type (ni,3£+2) one can associate two isopara- 
metric quartic polynomials ho and h\ by virtue of Theorem^ ho G Isop(ni — 1,^ + 1) and 
hi £ Isop(m,£). 

On the other hand, in |OTlj Ozeki and Takeuchi by using representations of Clifford algebras 
produced two infinite series of isoparametric families with four principal curvatures. In |FKM| . 
Ferus, Karcher, and Mrizner generalized the Ozeiki- Takeuchi approach to produce an infinite 
family of isoparametric hyper surf aces. More precisely, a quartic polynomial / is said to be of 
OT-FKM-type [CH § 4.7] if it is congruent to 



F n :=t 4 -2^(t T ^t) 2 , te 



r> 2m 

i=0 

D 2m 



where U = {H , . . . , H s } G Cliff(IR 2 "\ s). It is easily verified that 

F n G Isop(s, m - s - 1). (7.45) 

Since the class Cliff (M 2m , s) is non-empty if and only if 

s < p(m), (7.46) 

the existence of the quartic polynomial (|7.45|) of OT-FKM-type is equivalent to the inequality 

min{mi, 7712} < p{rn\ + mi + 1). (7.47) 

A culmination of this story is the following deep classification result due to Cecil-Chi-Jensen 
[CCC] and Immerwoll [Irnj: if h G Isop(mi,m2) and either of the inequalities ni2 > 2m\ — 1 or 
mi > 2m,2 — 1 holds then h is OT-FKM-type. 

Proposition 7.4. There are no exceptional eigencubics of type (2,8), (2,14), (2,26). 

Proof. We argue by contradiction and suppose that there exist an exceptional eigencubic / 
of type (ni, 712) G {(2, 8), (2, 14), (2, 26)}. By Corollary 17.21 we can associate to / an isoparametric 
quartic polynomial h\ G Isop(mi, 7712) with m\ = n\ and 777,2 = n2 ^ 2 ' ■ Since 772 > 8 we have 

772 — 2 772 — 5 
7772 + I — 27771 = h 1 — Tl\ = > 
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thus, by Cecil-Chi-Jensen-Immerwoll theorem, hi is of OT-FKM-type. This by virtue of (j7.47|) 
yields 2 = min{m-i, 771-2} < p(mi+77t2+l). But, for our choice of (rti, 77,2) the number mi+777-2 + 1 = 
n2 ^ 7 is odd, hence p(m\ + 7722 + 1) = 1, a contradiction. 

□ 

Proposition 7.5. There are no exceptional eigencubics of type (3,8). 

Proof. Again, we argue by contradiction and suppose that / is an exceptional eigencubic 
of type (3,8). By Corollary 17.14 i = 2, q = ni = 3 and m = q + £ + l = 6. This implies by 
Corollary 17.21 and (|7,43p that the isoparametric quartic polynomials hi associated to / satisfy 

h G Isop(2,3), -hi e Isop(2,3). (7.48) 

By Cecil-Chi-Jensen-Immerwoll theorem both ho and —hi are of OT-FKM-type. Hence there ex- 
ists a Clifford system % = {H , . . . , H s } € Cliff (M. 2m , s) associated with h and T = {F Q , . . . , F r } £ 
Cliff (R 2m , r) associated with h\. In virtue of m = 6 the inequality (|7.46p yields s,r < 2. Then 
we infer from ()7.45p and (|7.48p that s = r = 2. By using (??) we have 

h = (u 2 + v 2 ) 2 - 2c 2 w = t 4 - 2 J> T ^) 2 

i=0 

and 

2 

-hi = u 4 - 6u 2 v 2 + v 4 + 2c 2 w = t 4 - 2j2{t T Fit) 2 , 

3=0 

hence eliminating c 2 yields 

^(t T ^) 2 + E(i T ^t) 2 = 47zV. 

i=0 j=0 

The latter identity implies the following block forms associated with the decomposition t = u(Bv: 

M °j 0). f -(4 s ° 3 )' u=o ' 1 - 2 ' 

thus 

5 

^2{u T Siv) 2 = Au 2 v 2 , u, v G M 6 . 
i=0 

But the latter identity is a composition formula of size [6,6,6] (see, for instance, [Sh]) which 
contradicts to the Hurwitz theorem stating that a composition formula of size [k, k, k] does exist 
only if k = 1,2,4,8. The contradiction proves the proposition. □ 
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